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ABSTRACT

The past decades have seen significant advancements in graph machine learning, with nu-
merous sophisticated models and algorithms crafted for a variety of learning tasks, including
ranking, classification, regression, and anomaly detection. Generally, most existing works
focus on addressing the question: given a graph, what is the best way to mine it?

Despite their remarkable achievements, little attention is paid to the graph data itself,
which could be noisy, huge, and imbalanced at every stage of the data collection process.
In this thesis, our focus is on the relatively unexplored realm of graph data, intending to
enhance various downstream graph machine learning tasks. We term this line of research
optimal graph learning, aiming to identify the most effective graph data to improve efficiency,
effectiveness, and expressiveness.

However, some unique challenges arise. First (formulation), it is not clear how to formulate
data optimization in a data-driven way, especially considering that the downstream tasks can
be versatile. Second (volume), the sheer volume of graph datasets can result in significant
time and space complexity for underlying optimization solutions. Third (pattern), capturing
various essential graph patterns at different granularities presents a challenge.

This thesis introduces our progress towards the optimal graph learning problem. Con-
cretely, we categorize our work into three directions: graph re nement, graph augmen-
tation, and graph distillation. For graph refinement, we developed (1) a pure data-driven
solution named GaSoliNe against noisy data and (2) Stager, a solution tailored for
addressing imbalanced data. For graph augmentation, we developed three augmentation
solutions: (1) ALT, enhancing broad models’ performance on graphs with arbitrary het-
erophily, (2) DisCo, which can generate realistic graphs based on the training graphs, and
(3) AUGLM | which incorporates the graph structure into the textual input so that the
language models can successfully handle the node classification task. For graph distillation,
we developed (1) a bilevel optimization-based solution named KiDD to shrink the size of
given graphs and, meanwhile, preserve the utility of training data and (2) graph rationale
discovery framework named FIG, which can find the critical subgraph in every given graph
to enhance the performance of graph-level performance.

Collectively, these contributions establish foundational progress toward data-centric graph
machine learning and demonstrate the value of optimizing graph data itself to improve

downstream task performance.
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CHAPTER 1: INTRODUCTION

1.1 MOTIVATION

Graph mining has emerged as a cornerstone in a plethora of real-world applications, includ-
ing social network mining [1, 2, 3, 4, 5, 6, 7|, brain connectivity analysis [8], computational
epidemiology [9], and financial analysis [10, 11]. The majority of existing works strive to ad-
dress the fundamental question: given a graph, what is the best model and/or algorithm to
mine it? Notable examples include (1) PageRank [12] and its variants [13, 14, 15, 16, 17, 18],
which measure node importance and proximity based on multiple weighted paths, (2) spectral
clustering [19], which partitions nodes into distinct groups by minimizing inter-cluster con-
nectivity and maximizing intra-cluster connectivity, and (3) graph neural networks (GNNs)
20, 21, 22, 23, 24, 25, 26, 27|, which learn node representations by aggregating information
from neighborhood nodes. All these approaches necessitate a given graph, encompassing
its topology and/or associated attribute information, as input for the corresponding mining
model.

Despite their remarkable achievements, several fundamental questions remain largely unan-
swered. For instance, where does the input graph originate? To what extent does the quality
of the given graph influence the effectiveness of the corresponding mining model? Can we
distill a smaller graph dataset without compromising performance on downstream tasks?
How can we enhance a broad spectrum of graph machine learning models to accommodate
varying heterophily patterns [28, 29] within a given graph? All the above data-centric ques-
tions can be summarized as a general but succinct one: what is the optimal graph for a
speci ¢ downstream task? We name this research problem as optimal graph learning.

However, some unique challenges arise for such a data-centric research problem. First
(formulation), it is not clear how to formulate the optimization objective of data in a data-
driven way, especially considering the versatile downstream tasks. For example, how can we
ensure the performance of a specific graph machine learning model can be improved after
the given graph is optimized? How can we ensure a family of graph machine learning models
(e.g., off-the-shelf graph neural networks) can uniformly benefit from the optimized graphs?
Second (volume), the given graph dataset can be huge and lead to high time and space com-
plexity of the underlying optimization solutions. For example, real-world graph data [30]
contains hundreds of thousands of graphs and nodes; thus, trivially treating the entire graph
data as an optimization variable is resource-intensive [31]. In addition, real-world graph data

typically exhibits sparse connectivity, yet many optimization-based solutions yield densely



connected optimal graphs. Third (pattern), the graph patterns are critical at different gran-
ularities, e.g., locally every node has different homophily/heterophily tendencies against its
1-hop neighbors [32], which might affect the performance of downstream graph machine
learning models. In addition, for graph-level tasks, such as graph generation and graph clas-
sification [33, 34|, some substructures are critical for the property of the whole graph, e.g.,
functional groups in molecule graphs [35, 36]. It remains unclear how to capture, preserve,

and emphasize these patterns within the optimal graph learning framework.

1.2 OVERVIEW OF THESIS RESEARCH

Goal: optimal graph learning
Vision: paradigm shift
What algorithms (prior work) -> What graph data (my thesis)
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Figure 1.1: An overview of this thesis, optimal graph learning.

To address these challenges, my Ph.D. thesis proposes novel algorithms and solutions for
a broad spectrum of graph machine learning tasks, including node classification, graph clas-
sification, graph regression, and graph generation. Specifically, we delve into three distinct
sub-tasks: graph re nement, graph augmentation, and graph distillation. Figure 1.1

shows an overview of the challenges and tasks of this thesis proposal.

e Graph Re nement. Graph refinement refers to fixing the graphs with inherent flaws,
such as noise and label imbalance. This problem has been studied for a long time.
For example, NeuralSparse [37] and PTDNet [38] model the edge-dropping probabil-
ity using categorical and Bernoulli distributions, respectively, and drop edges based
on sampling strategies. In our completed work, we have proposed a flexible data-

driven framework named GaSoliNe [31] which can improve various graph mining
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tasks against noisy and adversarially attacked graphs. We also have developed a meta-
learning and uncertainty-based solution Stager [39] to address the label imbalance

problem in node classification tasks.

Graph Augmentation. Graph augmentation enriches the given graph data to improve
the downstream models’ performance. It has been widely used in various tasks, in-
cluding graph classification, node classification, and contrastive learning. For example,
it [40, 41] can be used to generate more training samples by mixing the features and
labels of existing training graphs. For this task, we have developed 3 data-driven solu-
tions named ALT [42], DisCo [43], and AUGLM . ALT decomposes the given graph
into two graphs with supplementary homophily /heterophily properties to improve var-
ious backbone graph neural networks’ performance on the node classification tasks.
DisCo is a discrete-state continuous-time graph generation framework that produces
realistic samples efficiently. AUGLM is a language model-based node classification
model whose core idea is to enhance the textual data via input graphs to empower the

language model for node classification.

Graph Distillation. Graph distillation is a set of tasks shrinking the size of a given graph
dataset, either in terms of the number of nodes or the number of graphs. This direction
has been studied for both node-level datasets [44] and graph-level datasets [45] through
the bilevel optimization objective. Some of them [45] apply aggressive approximate
solutions to mitigate the computation overhead. In this direction, we have completed
a work named KiDD [46], which provides an exact and efficient solution to distill
graph-level datasets. We also developed FIG [47], which tackles the problem from
a rationalization perspective by identifying task-relevant subgraphs to improve graph

classification and regression performance maximally.



CHAPTER 2: LITERATURE REVIEW

2.1 GRAPH REFINEMENT

Due to various factors such as fake connections [48], over-personalized users [49], and
construction heuristics, the given graph structure may not be optimal for downstream graph
learning tasks [50]. A subset of solutions that focus on the graph topology is termed graph
rewiring.

Several methods exist to rewire given graphs using various node similarity metrics. In
many cases, these metrics are learned from the given graph topology. For instance, ap-
proaches like GAUG [51] and IDGL [52] train edge predictors based on learned node embed-
dings. Furthermore, from an optimization perspective, it is feasible to directly incorporate
the graph data (e.g., adjacency matrix) itself as part of the optimization variables. Based
on that, the graph rewiring process is essentially guided by the optimization objective. A
notable example is TO-GNN [53], where loss functions include smoothness-related regular-
izations and gradient descent-based graph updates. Additionally, instead of optimizing the
graph itself, an intriguing idea is to optimize graph-related distributions (e.g., graph gen-
eration and edge-dropping distributions). After that, graph rewiring can be conducted by
sampling from those distributions. An exemplary work is LDS [54], which assumes that each
edge is sampled from an independent Bernoulli distribution. Other noteworthy works in this
domain include Bayesian-GCNN [55], GEN [56], NeuralSparse [37], and PTDNet [38].

In comparison to structure refinement, research on graph feature refinement has gained
less attention. In general, most of the work is developed based on feature rewriting. For
instance, AirGNN [57] regularizes the lp; norm between input node features and convoluted
node features to increase model tolerance against abnormal features. To handle missing
node features, a special case of suboptimal initial node features, feature propagation [58]
diffuses features from observed nodes to neighbors with missing features based on the heat
diffusion equation, essentially imputing missing node features with aggregated features from
neighboring nodes. GCNMF [59] explicitly formulates missing node features using Gaussian
mixture models whose parameters are inferred from downstream tasks. Efforts like SAT
[60] reconstruct missing features through the feature distribution inferred from the topology
distribution. To handle missing features in heterogeneous information networks, HGNN-AC
[61] imputes missing features from neighbor nodes’ topology-based node embeddings, while
HGCA [62] designs a feature augmenter trained to maximize agreement between augmented

node embeddings and actual node embeddings.



2.2 GRAPH AUGMENTATION

A typical application of graph augmentation is addressing the issue of data scarcity [63].
One effective solution is to leverage unlabeled data to augment the limited labeled data.
Following the concept of pseudo-labeling, self-training [64] assigns labels to unlabeled data
based on a teacher model trained with limited labeled data, becoming a prevailing approach
for semi-supervised node classification in scenarios with limited training data. Among these
methods, Li et al. [65] first combine Graph Convolutional Networks (GCNs) with self-
training to expand supervision signals. CGCN [66] generates pseudo labels by combining
a variational graph auto-encoder with Gaussian mixture models. Furthermore, M3S [67]
proposes multi-stage self-training and utilizes a clustering method to eliminate potentially
incorrect pseudo labels. Similar concepts are also explored in [68]. Additionally, recent
research [69, 70] employs label propagation as the teacher model to generate pseudo labels
that encode valuable global structural knowledge.

Similar to self-training, co-training [71] has been investigated for augmenting training sets
with unlabeled data. It learns two classifiers using initial labeled data on two views and
allows them to label each other’s unlabeled data to augment the training data. Li et al.
[72] develop a novel multi-view semi-supervised learning method, Co-GCN, based on feature
masking, which unifies GCN and co-training into one framework.

Another approach to obtaining additional training examples [43] is to use an interpolation-
based data augmentation strategy, such as Mixup [73, 74, 75], to generate synthetic training
examples (i.e., node insertion) through feature mixing and label mixing. While graphs
have arbitrary structures, unlike images or natural sentences, identifying meaningful con-
nections between original and synthetic nodes remains a challenging task. Additionally, due
to the cascading effect of graph data, simply adding an edge can dramatically alter seman-
tic meanings. To address these challenges, Manifold Mixup [76] is applied to graph data
interpolation. For instance, GraphMix [77] trains a multi-layer perceptron (MLP) jointly
with GNNs via parameter sharing, where the MLP is learned based on Manifold Mixup and
pseudo-labeling, effectively training GNNs for semi-supervised node classification. Similarly,
Wang et al. [78] leverage the idea of Manifold Mixup and interpolate input features of both
nodes and graphs in the embedding space. These methods use a straightforward approach to
circumvent dealing with arbitrary structures by mixing graph representations learned from
GNNs.

For input-level graph data interpolation, ifMixup [79] targets the Manifold Intrusion issue
by first interpolating node features and edges based on feature mixing and graph generation.

Graph Transplant [40] utilizes graph rewiring to mix dissimilar-structured graphs by re-



placing the destination subgraph with the source subgraph while preserving local structure.
G-Mixup [80] estimates the graphon of each class, performs mixup between graphons, and
conducts graph generation to generate interpolated graphs, improving the generalizability

and robustness of GNNs for semi-supervised graph classification.

2.3 GRAPH DISTILLATION

A popular line of graph distillation is to extract a small graph from a large graph, named
graph coarsening [81]. Its core idea of graph coarsening is to minimize a ‘quantity of interest’
between the input graph G and augmented graph G. For example, Jin et al. [82] propose to
minimize the spectral distance between G and G. GOREN [83] aims to maintain comparable
Laplace operators between G and G.

Beyond that, a set of tasks named dataset distillation [84, 85] has been widely studied
recently. Their goal is to find a small but informative dataset that preserves the training
utility from the given large dataset. Its application on graphs attracts decent attention
but has not been thoroughly studied. The optimization objective of two typical examples,
GCOND [44] and DosCond [45] is the difference of training gradients on the given graph G
and the target small graph G. Our complete work, KiDD [46]stands as one of the pioneering
endeavors in this area.

Beyond the above works, some methods that focus on interpretability and out-of-distribution
generation will highlight a critical subgraph, e.g., graph rationalization [35]. These endeavors

can also be regarded as solutions within the realm of graph distillation.



CHAPTER 3: GRAPH REFINEMENT

3.1 GRAPH SANITATION WITH APPLICATION TO NODE CLASSIFICATION

3.1.1 Introduction

Graph mining has become the cornerstone in a wealth of real-world applications, such as
social network mining [1, 2, 86], brain connectivity analysis [8], computational epidemiol-
ogy [9], and financial analysis [10, 11]. For the vast majority of existing works, they essen-
tially aim to answer the following question, that is, given a graph, what is the best model
and/or algorithm to mine it? To name a few, PageRank [12] and its variants [13, 14, 15, 16]
measure the node importance and node proximity based on multiple weighted paths; spectral
clustering [19] minimizes inter-cluster connectivity and maximizes the intra-cluster connec-
tivity to partition nodes into different groups; graph neural networks (GNNs) [20, 21, 22, 23]
learn representation of nodes by aggregating information from the neighborhood. In all
these works and many more, they require a given graph, including its topology and/or the
associated attribute information, as part of the input of the corresponding mining model.

Despite tremendous success, some fundamental questions largely remain open, e.g., where
does the input graph come from at the first place? To what extent does the quality of the
given graph impact the effectiveness of the corresponding graph mining model? In response,
we introduce the graph sanitation problem, which aims to improve the initially provided
graph for a given graph mining model, to boost its performance maximally. The rationality
is as follows. In many existing graph mining works, the initially provided graph is typically
constructed manually based on some heuristics. The graph construction is often treated as
a pre-processing step, without the consideration of the specific mining task. Furthermore,
the initially constructed graph may be subject to various forms of contamination, including
missing information, noise, and even adversarial attacks [87, 88]. This suggests that there
may be an under-explored space for improving mining performance by learning a ‘better’
graph as input to the corresponding task.

There are several existing lines of work for modifying graphs. For example, network
imputation [89, 90, 91] and knowledge graph completion [92, 93, 94, 95, 96, 97] problems focus
on restoring missing links in a partially observed graph; connectivity optimization [98] and
computational immunization [99] problems manipulate the graph connectivity in a desired
way by changing the underlying topology; robust GNNs [100, 101, 102] utilize empirical

properties of a benign graph to remove or assign lower weights to the poisoned graph elements



(e.g., contaminated edges).

The graph sanitation problem introduced in this paper is related to but bears a subtle
difference from the existing work in the following sense. Most, if not all, of these existing
works for modifying graphs assume the initially provided graph is impaired or perturbed
in a specific way, e.g., due to missing links, noise, or adversarial attacks. Some existing
works further impose certain assumptions on specific graph modification algorithms, such
as the low-rank assumption underlying many network imputation methods, the types of
attacks, and/or the empirical properties of the benign graph (e.g., topology sparsity, feature
smoothness) behind some robust graph neural networks (GNNs). In contrast, the proposed
graph sanitation problem does not make any such assumptions; instead, it pursues a different
design principle. That is, we aim to let the performance of the downstream data mining
task, measured on a validation set, dictate how we should optimally modify the initially
provided graph. This is crucial, as it not only ensures that the modified graph will directly
and maximally improve the mining performance, but also lends itself to being applied to a
variety of graph mining tasks.

Formally, we formulate the graph sanitation problem as a generic bilevel optimization
problem, where the lower-level optimization problem corresponds to the specific mining task,
and the upper-level optimization problem encodes the supervision to modify the provided
graph and maximize the improvement in mining performance. Based on this, we instantiate a
bilevel optimization problem using semi-supervised node classification with GNNs, where the
lower-level objective function represents the cross-entropy classification loss over the train-
ing data, and the upper-level objective function represents the loss over the validation data,
utilizing the mining model trained from the lower-level optimization problem. We propose
an effective solver (GaSoliNe) which adopts an efficient approximation of hyper-gradient
to guide the modification over the given graph. We carefully design the hyper-gradient ag-
gregation mechanism to avoid potential bias from a specific dataset split by aggregating the
hyper-gradient from different folds of data. GaSoliNe is versatile, and is equipped with
multiple variants, such as discretized vs. continuous modification, modifying graph topol-
ogy vs. feature. Comprehensive experiments demonstrate that (1) GaSoliNe is broadly
applicable to benefit different downstream node classifiers together with flexible choices of
variants and modification strategies, (2) GaSoliNe can significantly boost downstream
classifiers on both the original and contaminated graphs in various perturbation scenarios
and can work hand-in-hand with existing robust GNNs methods. For instance, in Table 3.1,
the proposed GaSoliNe significantly boosts GAT [21], SVD [100], and RGCN [103].



Table 3.1: Node classification accuracy (mean std) boosting of existing defense methods on
poisoned graphs (25% edges perturbed by metattack [104]) by the proposed GaSoliNe.

Data With GaSOIiNe?‘ GAT SvD RGCN

Cora N 48.8 0.2 60.3 0.8 50.6 0.8
Y 63.7 0.6 79.7 0.6 62.6 0.6

Citesor N 62.4 0.7 495 0.8 555 1.4
esee Y 69.7 0.2 765 0.6 66.1 0.8
Polblos N 482 6.6 79.1 24 508 0.9
8 Y 708 0.6 89.2 0.7 67.7 0.3

Table 3.2: Instantiations of the graph sanitation problem over various mining tasks

Tasks Personalized PageRank [107, 108] Spectral Clustering [19, 109] Node Classi cation [110]
: 0
. _ min, U'LU .
Liower min, qr'(1  A)r+(1 qkr ek? <t U'Du . L Du?1 min 21 = Yii InYij
— 1 ‘ ; : P—P
Lupper mina  yopyon (1 +exp(r X ry)=w) mina U 'Qu ming i2v =1 Yii InYij
T none none training set T
Ytrain none none labels of training set Ytrain
positive node set P, ‘must-link’ set M, T
v negative node set N ‘cannot-link’ set C validation set V
Yvalid none none labels of validation set Yyarid
normalized adjacency matrix A, Laplacian matrix L, number of classes c,
Remarks damping factor q, width parameter w, degree matrix D, predicted probability i,
preference vector e link constraints matrix Q ground truth label yj;

3.1.2 Problem Definition

A - Optimization-Based Graph Mining Models. For many graph mining models,
they can be formulated from the optimization perspective [105, 106] with a general goal to
find an optimal solution  so that a task-specific loss L(G; ;T ; Ytrain) is minimized. Here,
T and Y¢rain are the training set and the associated ground truth (e.g., class labels for the
classification task), which would be absent for the unsupervised graph mining tasks (e.g.,
clustering, ranking). We give three concrete examples next.

Example #1: personalized PageRank [13, 111] is a fundamental ranking model. When the
adjacency matrix of the underlying graph is symmetrically normalized, the ranking vector r

can be obtained as:

r —argmin qr' I A r+(1 qkr ek’ (3.1)
r

where A is the symmetrically normalized adjacency matrix; q 2 (0; 1] is the damping factor;

e is the preference vector; the ranking vector r is the solution of the ranking model (i.e.,



=r).
Example #2: spectral clustering [19] is a classic graph clustering model aiming to minimize

the normalized cut between clusters:
u =argmin U'Lu s.t. u'Du=1; Du? 1; (3.2)
u

where L is the Laplacian matrix, D is the diagonal degree matrix (i.e., DJi;i] = Pj Ali;j]),
1, is an all-one vector with the same size as U; the model solution is the cluster indicator
vector U .

Example #3: node classi cation aims to construct a classification model based on the
graph topology A and feature X. A typical loss for node classification is cross-entropy (CE)

over the training set:

XX
= arg min Yij Inyij; (3.3)

i2T j=1
where ¢ is the number of classes, yij is the ground truth indicating if node i belongs to class
J, T is the training set, yij = F(G; )[i;]j] is the predicted probability that node i belongs
to class j by a classifier f(G; ) parameterized by . For example, classifier f(G; ) can be

a GNN whose trained model parameters form the solution

Remarks. Both the standard personalized PageRank and spectral clustering are unsuper-
vised. Therefore, the training set T and its supervision Y¢rain are absent in the corresponding
loss functions (i.e., Eq. (3.1) and (3.2), respectively). Nonetheless, personalized PageRank
and spectral clustering have been generalized to incorporate some forms of supervision fur-

ther, as we will show next.

B - Graph Sanitation: Formulation and Instantiations. Given an initial graph G
and an optimization-based graph mining model L(G; ;T ; Ytrain), we aim to learn a modified
graph G to boost the performance of the corresponding mining model. We name it as graph
sanitation problem. The basic idea is to let the mining performance on a validation set V

guide the modification process. Formally, the graph sanitation problem is defined as follows:
Problem 3.1. Graph Sanitation Problem

Given: (1) a graph G = fA; Xg, (2) a mining task L(G; ;T ; Ytrain), (3) a validation set
V and its supervision Yyarig, and (4) the sanitation budget B;

Find: A modified graph G = fA; Xg to boost the graph mining performance.

10



We formulate Problem 3.1 as a bilevel optimization problem:

G =arg Hgn Lupper (G; ;V;VYvaria) (3.4)

S.t. — arg min Llower (G; ;T ;Ytrain) ; D G; G B (3-5)

where the lower-level optimization is to train the model  based on the training set T ; the
upper-level optimization aims to optimize the performance of the trained model  on the
validation set V, and there is no overlap between T and V; the distance function D measures

the distance between two graphs. In this paper, we instantiate D(é; G) as A A or
1;1

X X _based on the modification scenarios. Notice that the loss function at the upper
level Luppel;lmight be different from the one at the lower level Ljguer. For example, Ljoper for
both personalized PageRank (Eq. (3.1)) and spectral clustering (Eq. (3.2)) does not involve
any supervision. However, Lypper for both models are designed to measure the performance
on a validation set with supervision and, therefore, should be different from Ljguer. We
elaborate on this next.

The proposed bilevel optimization problem in Eq. (3.4) is quite general. In principle, it is
applicable to any graph model with differentiable Lypper and Lyower. We give its instantiations
with the three aforementioned mining tasks and summarize them in Table 3.2.

Instantiation #1: supervised PageRank. The original personalized PageRank [13] has
been generalized to encode pair-wised ranking preference [107, 108]. For graph sanitation
with supervised PageRank, the training set and its supervision is absent, and the lower-level
loss Lyower is given in Eq. (3.1). The validation set V consists of a positive node set P and
a negative node set N. The supervision of the upper-level problem is that ranking scores
of nodes from P should be higher than that from N, i.e., r[x] > r[y];8x 2 P;8y 2 N.
Several choices for the upper-level loss Lypper exist. For example, we can use Wilcoxon-
Mann-Whitney loss [112]:

<X L
mAin (14+exp(r [x] r[y])=w) (3.6)
Xx2P;y2N

where W is the width parameter. It is worth mentioning that Eq. (3.6) only modifies graph
topology A. Although Eq. (3.6) does not contain variable A, r is determined by A through
the lower-level problem.

Instantiation #2: supervised spectral clustering. A typical way to encode supervision in
spectral clustering is via ‘must-link’ and ‘cannot-link’ [109, 113]. For graph sanitation with

supervised spectral clustering, the training set together with its supervision is absent, and
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the lower-level loss Lyouer is given in Eq. (3.2). The validation set V contains a ‘must-link’
set M and a ‘cannot-link” set C. For the upper-level loss, the idea is to encourage nodes
from must-link set M to be grouped in the same cluster and, in the meanwhile, push nodes
from cannot-link set C to be in different clusters. To be specific, Lypper can be instantiated
as follows.

: 0y -
min u Qu; (3.7)

where Q encodes the ‘must-link” and ‘cannot-link’, that is, Q[i; j]| = 1if (i;J) 2 M, Q[i;j]| =
1if (i;j) 2 C, and QIJi;j] = 0 otherwise. This instantiation only modifies the graph
topology A.
Instantiation #3: semi-supervised node classi cation. For graph sanitation with semi-
supervised node classification, its lower-level optimization problem is given in Eq. (3.3). We

have cross-entropy loss over validation set V as the upper-level problem:

XX
min - Lee (G; 5 Vi Yuaria) = Yij Inyij: (3.8)
i2v j=1
Notice that T \V = ;. If both the topology A and node feature X are used for classification,
then they both can be modified in this instantiation.

Remarks. If the initially given graph G is poisoned by adversarial attackers [104, 114],
the graph sanitation problem with semi-supervised node classification can also be used as
a defense strategy. However, it bears an important difference from the existing robust
GNNs [100, 101, 102] as it does not assume the given graph G is poisoned or any specific
way by which it is poisoned. Therefore, the graph sanitation problem in this scenario can
boost the performance under a wide range of attacking scenarios (e.g., non-poisoned graphs,
lightly-poisoned graphs, and heavily-poisoned graphs) and has the potential to work hand-
in-hand with existing robust GNNs model. The following section proposes an effective

algorithm for the graph sanitation problem with semi-supervised node classification.

3.1.3 Proposed Algorithms: GaSoliNe

We focus on graph sanitation problem in the context of semi-supervised node classifica-
tion and propose an effective solver named GaSoliNe. The general workflow is as follows.
First, we solve the lower-level problem (Eq. (3.3)) and obtain a solution . Then we com-
pute the hyper-gradient of the upper-level loss function (Eq. (3.8)) w.r.t. the graph G to

solve the upper-level optimization problem. Recall that a classifier f( ) is needed to provide
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the predicted labels (in both the lower-level and upper-level problems) and we refer to this
classifier as the backbone classi er. Finally we test the performance of another classifier over
the modified graph on the test set W and this classifier is named as the downstream classi-

er. We will introduce our proposed solution GaSoliNe in four parts: (A) hyper-gradient
computation, (B) hyper-gradient aggregation, (C) hyper-gradient-guided modification, and
(D) low-rank speedup.

A - Hyper-Gradient Computation. Eq. (3.4) and its corresponding instantiations
Egs. (3.3)(3.8) fall into the family of bilevel optimization problem where the lower-level
problem is to optimize via minimizing the loss over the training set FT;Ygraing given
G, and the upper-level problem is to optimize G via minimizing the loss over fV; Yya1iq0.
We compute gradient w.r.t. the upper-level problem and view the lower-level problem as a

dynamic system:
"= 0"YG; YT Yeain), *=0YG;T; Yerain); (3.9)

where ©! is the initialization of and ©%! (t & 0) is the updating formula which can
be instantiated as an optimizer over the lower-level objective function on the training set
(Eq. (3.3)). For the hyper-gradient of the upper-level problem rgL, we assume that the
system converges in T iterations (i.e., = T). Then we unroll the iterative solution of
the lower-level problem to obtain the hyper-gradient gL by the chain rule as follows [115]
where Ay = r« Y1 By = rg . For brevity, we abbreviate cross-entropy loss over the
validation set Lcg(G; T;V; Yyarid) as Lvaria( 7).

e
I"GL = rGI—vaIid T + BtAt+1 L :AT ik I—valid T (3'1())
t=0

Our final goal is to improve the performance of converged downstream classifiers. Hence,
T is set as a relatively large value (e.g., 200) to ensure the hyper-gradient is computed over a
converged classifier. To balance the effectiveness and the efficiency, we adopt the truncated
Ilgper—gradient [116] w.r.t. G and rewrite the second part of Eq. (3.10) as

tT:PZ BtAt+1:: AT 1F TLyatia( T), where P denotes the truncating iteration. To further

speed up, we adopt a first-order approximation [104, 117] and rgL can be computed as:

X .
recL= rglbaia (3.11)
t=pP

where the updating trajectory of Uis the same as Eq. (3.9). If the initially-provided graph
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G is undirected, it indicates that A = A’ Hence, when we compute the hyper-gradient
w.r.t. the undirected graph topology A, we need to calibrate the partial derivative into the
derivative [105] and update the hyper-gradient as follows:

ral  ralL+(ral) diag(ral): (3.12)

For the hyper-gradient w.r.t. feature X and directed graph topology A (A & A'), the above

calibration process is not needed.

B - Hyper-Gradient Aggregation. To ensure the quality of graph sanitation without
introducing bias from a specific dataset split, we adopt K-fold split with similar settings as
cross-validation [49]. Specifically, during the training phase, we split all the labeled nodes
Z into K folds and alternatively select one of them as V (with labels Yyaiig) and the others
as T (with labels Y¢rain). In total, there are K sets of training/validation splits. With
the k-th dataset split, by Eq. (3.11), we obtain the hyper-gradient L. For the hyper-

the aggregated hyper-gradient: rg = r'él_'

C - Hyper-Gradient-Guided Modi cation. To modify the graph based on rg, we
provide two variants, discretized modi cation and continuous modi cation. The discretized
modification can work with binary inputs such as adjacency matrices of unweighted graphs
and binary feature matrices. The continuous modification is suitable for both continuous
and binary inputs. For clarity of explanation, we replace the G with the adjacency matrix
A as an example of the topology modification. Generalizing that to the feature modification
with feature matrix X is straightforward.

The discretized modification is flipping B entries in A whose indices are also the indices

of the top-B entries in a hyper-gradient-based score matrix S:
S=(ra) (1 2A); (3.13)

where  denotes Hadamard product, 1 is an all-one matrix. This score matrix is composed
of ‘preference’ (i.e., ra) and ‘modifiability’ (i.e., (1 2A)). Only high ‘preference’ and
‘modifiability’ entries are assigned with high scores. For example, large positive ( ¥ra)li; ]
indicates strong preference of adding an edge between the i-th and J-th nodes based on the
hyper-gradient and if the i-th and j-th nodes are not linked (i.e., A[i;j] = 0), ( ra)li;]]
and (1  2A)]i;j] share the same sign which results in a large S[i; j].
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The continuous modification is gradient descent with a budget-adaptive learning rate:

A A ﬁ ra: (3.14)
The learning rate is based on the ratio of the modification budget B to the sum of absolute
values of the gradient matrix. In implementation, for both modification methods, we set the
budget in every iteration to b and update the graph in multiple steps until the total budget
B is exhausted. Algorithm 3.1 summarizes our methods. In addition, in our experiments,
the B for topology and feature (Bopo and Bgea) are set separately since the modification

cost on different elements of a graph may not be comparable.

Algorithm 3.1: GaSoliNe
Input : a graph G, the labeled nodes Z, total budget and budget in every step B
and b, number of fold K, truncating and converging iterations T and P;
Output: the modified graph G;
1 initialization: split the labeled nodes Z and their labels into K folds:
Z=FZ%::;Z%0, Yiaerea = FYL ;YK G G; cumulative budget 0;
2 while < B do

3 | fork=1toK do

4 \Y Zk7 T ank; Yvatid Yk; Ytrain YIabelednYka rléL 0;
5 fort=1to T do

6 update 'to ! by Eq. (3.9);

7 if t>P then

8 compute r&Lyaia given fG; ™% V; Yyarig0;

9 rlél_ rIéL + r'é Lyarig

10 end

11 end
12 end
13 calibrate fr;Lg by Eq. (3.12) (if needed);
14 sum fr'(k3 Lg into rg, + b;
15 | update G based on the guide of score matrix S by Eq. (3.13) (discretized

modification) or by Eq. (3.14) (continuous modification) with budget b

16 end

D - Speedup and Scale-up. The core operation of our proposed GaSoliNe is to com-
pute hyper-gradient w.r.t. the graph components (i.e., A and X) which leads into a gradient
matrix (e.g. FalL). In many real-world scenarios (e.g., malfunctions of certain nodes, tar-

geted adversarial attacks), perturbations are often around a small set of nodes, which leads
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to low-rank perturbation matrices. Hence, for topology modification, we propose to decom-
pose the incremental matrix (i.e., AA) into its low-rank representation (i.e., AA = UV?),
and compute the hyper-gradient with respect to the low-rank matrices instead, which can
significantly speed up and scale up the computation. Recall that the low-rank assumption
is only held for the incremental matrix but for the modified graph (i.e., A), it is not limited

to low-rank. Mathematically, the low-rank modification can be represented as:
A=A+AA=A+UV (3.15)

where U, V 2 R" ' and r is the rank of AA. Hence, by substituting A with A + UWV? in
Eq. (3.8) (i.e., G = FA+UV!; Xg) and changing the optimization variable from A into U and
V, we can obtain hyper-gradient with respect to U and V (i.e., ryL and ry/L) in the same
manner as Eq.(3.11). By aggregating the hyper-gradients from different training/validation
splits as we introduced in Sec. 3.1.3-B, we obtain aggregated hyper-gradients rU and rV.
Any gradient descent-based method can then be used to update U and V.

In this way, we can significantly reduce the complexity of time and space, which is sum-
marized in the following lemma. Notice that n;m;d are the number of nodes, the number
of edges, and the feature dimension, respectively, and we have d n and m n%. As a
comparison, the time complexity of computing FaL is O(n?d) and the space complexity of
computing FaL is O(n?). Hence, this low-rank method is much more efficient in both time

and space.

Lemma 3.1. For computing ryL and ryL, the time complexity is O(nd? + md) and the
space complexity is O(m + nd).

Proof. For typical matrix multiplication-based GNNs (e.g., [20]), their propagation formula
can be represented as X (AXW) (or even simplified by removing the nonlinear acti-
vation function and feature transformation matrix W between several layers [22, 23]). If
we do not consider the gradient across the model parameter (i.e., W) updating trajectory
(i.e., first order approximation), and assume that our GNN contains only one layer, the

hyper-gradient concerning the vector U can be computed as follows,

oL
@ (A+UVYHXW)
The computation of (A +UWV?)XW can be rewritten as AXW + UV!XW. Note that A is
a sparse matrix and the space cost is O(m) for computing AXW. The space cost is O(nd)
for UV'XW. For W!X"V the space cost is O(nd). Put everything together the space cost
for computing ryL is O(m + nd).

ryl = "((A+ UV XW) WX'V: (3.16)
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The time complexity of the part within [ ] in Eq.(3.16) is O(nd®*+md). The time complexity
of computing WXV is O(ndr). The time complexity about the multiplication between [ |
and WXV is O(ndr). Hence, putting everything together, the total time complexity for
computing ryL is O(nd? + md) given r  d. QED.

3.1.4 Experiments

Setups. We evaluate the proposed GaSoliNe on Cora, Citeseer, and Polbolgs datasets [20,
104, 114]. Since the Polblogs dataset does not contain node features, an identity matrix is
used as the node feature matrix. All the datasets are undirected unweighted graphs and we
experiment on the largest connected component of every dataset.

To set fair modification budgets across different datasets, the modification budget on
adjacency matrix Bigpo is defined as Biopo = M modification ratey, and the budget
on feature matrix Bgeg is defined as Bgeg =N d  modification ratefe,.
where m, n, and d are the number of edges, nodes, and node features. In all the experiments,
modification ratey, = 0:1 and modification rateg, = 0:001. Detailed hyperparame-
ter settings are studied in the following content. We report the mean  std accuracy over

10 repetitions as the evaluation metric.

Applicability of GaSoliNe. The proposed GaSoliNe trains a backbone classi er in the
lower-level problem and uses the trained backbone classifier to modify the initially provided
graph and improve the performance of the downstream classi er on the test nodes. In
addition, GaSoliNe is capable of modifying both the graph topology (i.e., A) and feature
(i.e., X) in both the discretized and continuous fashion. To verify that, we select three
classic GNNs-based node classifiers, including GCN [20], SGC [22], and APPNP [23] as the
backbone classifiers and the downstream classifiers. The detailed experiment procedure is
as follows. First, we modify the given graph using the proposed GaSoliNe algorithm
with 4 modification strategies (i.e., modifying topology or node feature with discretized or
continuous modification). Each variant is implemented with 3 backbone classifiers so that in
total, there are 12 sets of GaSoliNe settings. Second, for every of the 12 modified graphs,
we evaluate 3 downstream classifiers and report the result (mean std accuracy). For this
subsection, the initially provided graph is Citeseer [20].

Experimental results are reported in Table 3.3 where ‘DT’, ‘CT’, ‘DF’, and ‘CF’ denote
‘discretized topology’, ‘continuous topology’, ‘discretized feature’, and ‘continuous feature’
modifications, respectively. The second row of Table 3.3 shows the results on the initially

provided graph, and the other rows denote the results on modified graphs with different
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Table 3.3: Effectiveness of GaSoliNe under multiple variants (mean std accuracy). The
first and second columns denote the modification strategies and backbone classifiers adopted
by GaSoliNe, respectively. The remaining columns show the performance of various down-
stream classifiers. indicates significant improvement compared with results on the original
graph (values at the second row) with a p-valuej0.01 ,and indicates no statistically signifi-
cant improvement.

Variant Backbone \ GCN SGC APPNP
None None ‘ 72.2 0.5 72.8 0.2 71.8 0.4
GCN 747 03 748 0.1 754 0.2

DT SGC 747 04 752 0.2 756 0.3

APPNP | 746 03 746 0.1 754 0.4

GCN 724 03 727 02 728 04
DF SGC 733 05 734 02 736 04
APPNP | 726 03 729 0.1 73.6 0.4

GCN 73.1 04 736 0.1 748 0.2
CT SGC 73.0 03 735 02 744 03
APPNP | 728 05 734 0.1 744 0.9

GCN 72,7 04 736 01 738 0.3
CF SGC 729 04 736 04 738 04
APPNP | 73.0 0.3 736 02 739 0.3

¥
(a) Original (b) After modi cation

Figure 3.1: Visualization of node embeddings from original Citeseer graph (a) and modified
Citeseer graph by GaSoliNe (b). It is best viewed in color.

settings. We use to indicate that the improvement of the result is statistically significant
compared with results on the initially provided graph with a p-value< 0:01, and we use

to indicate no statistically significant improvement. We have the following observations.
First, in the vast majority cases, the proposed GaSoliNe is able to statistically significantly
improve the accuracy of the downstream classifier over the initially-provide graph, for every
combination of the modification strategy (discretized vs. continuous) and the modification
target (topology vs. feature). Second, the graphs modified by GaSoliNe with different
backbone classifier can benefit different downstream classifiers, which demonstrates great

transferability and broad applicability.
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Figure 3.2: Performance comparison between baselines and GaSoliNe under (a) metattack,
(b) Nettack, and (c) random attack with various perturbation rates. It is best viewed in
color.

We further provide visualization of node embeddings before and after modification. We
present the visualizations of the initial Citeseer graph and the modified Citeseer graph
from GaSoliNe DT variant with SGC [22] backbone classifier. The detailed procedure
is that a GCN [20] is trained on the training set T of given initial/modified graphs, and
hidden representations are used as node embeddings. Then, t-SNE [118] maps the node
embeddings into two-dimensional ones for visualization. Figure 3.1 shows the visualization
results from the original and the modified Citeseer graphs. Clearly, the node embeddings
from the modified graph are more discriminative than the embeddings from the original
graph. Specifically, the clusters are more cohesive and there is less overlap between clusters
in the modified graphs (i.e., Figures 3.1b) compared with those on the original graph (i.e.,
Figure 3.1a). It further demonstrates that even though we do not know the downstream
classifiers (in this case, the backbone classifier and downstream classifier are different), the

proposed GaSoliNe can still improve the graph quality to benefit downstream classifiers.
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Table 3.4: Comparison with baselines on heavily poisoned datasets (mean std accuracy).
Some results are not applicable since Jaccard requires node features that are absent on the
Polblogs graph. G denotes GaSoliNe for short.

Attack Data ‘APPNP GAT  Jaccard SVvD RGCN DE LDS ‘ G-DT G-CF G-DTCF

Cora 47.0 0.7 488 0.2 654 0.9 60.3 0.8 50.6 0.8 487 09 587 13| 67.3 0.7 570 09 68.8 0.9
metattack Citeseer | 49.4 2.2 624 0.7 571 1.0 495 0.8 555 1.4 50.1 2.3 582 23|635 1.5 584 15 622 1.0
Polblogs | 58.4 3.6 48.2 6.6 N/A 79.1 2.4 508 09 564 6.3 63.7 57| 65.0 0.7 55.0 41 647 1.4

Cora 60.7 1.2 542 23 63.7 14 529 28 565 1.1 608 1.0 645 24| 645 22 639 24 66.1 1.9
Nettack  Citeseer | 68.3 6.8 619 44 725 3.3 502 66 564 1.5 633 47 71.0 33| 71.6 39 694 48 743 1.6
Polblogs | 90.5 1.0 91.1 0.7 N/A 93.6 1.2 931 02 89.1 24 911 1.8] 923 1.6 903 0.7 924 1.7

Cora 743 04 581 1.0 751 05 726 0.3 689 04 739 06 766 04| 771 03 783 05 778 02
Citeseer | 69.8 0.6 60.8 1.6 69.7 0.5 66.7 04 657 02 694 05 723 04]73.8 0.2 723 04 734 05
Polblogs | 74.7 2.8 84.5 1.0 N/A 833 28 817 09 759 14 732 28| 734 41 771 1.6 776 29

random
attack

E ectiveness of GaSoliNe. The defects of the initially-provided graph can be due to
various reasons, such as construction bias or even malicious poisoning. In this subsection, we
evaluate the effectiveness of the proposed GaSoliNe by (A) comparing baseline methods
on various poisoned/noisy graphs and (B) integrating with existing robust GNNs methods.
The attack methods we adopt are as follows: (1) Random Attack randomly flips entries of
benign adjacency matrices with different perturbation rate; (2) Nettack [114] attacks
a set of target nodes with different perturbations/node; (3) metattack [104] poisons the
performance of node classifiers by perturbing the overall benign graph topology with different
perturbation rate.

A - Comparison with Baseline Methods. We compare GaSoliNe with the following
baseline methods: APPNP [23], GAT [21], Jaccard [101], SVD [100], RGCN [103], DE [119],
and LDS [54]. Recall that we feed all the graph modification-based methods (Jaccard, SVD,
DE, LDS, GaSoliNe) with the exactly same downstream classifier (APPNP) for a fair
comparison.

We set 3 variants of GaSoliNe to compare with the above baselines. To be specific,
we refer to (1) GaSoliNe with discretized modification on topology as GaSoliNe-DT, (2)
GaSoliNe with continuous modification on feature as GaSoliNe-CF, and (3) GaSoliNe
with discretized modification on topology and continuous modification on feature as GaSo-
1iNe-DTCEF. All these GaSoliNe variants use APPNP [23] as both the backbone classifier
and the downstream classifier. We test various perturbation rates (i.e., perturbation rate
of metattack from 5% to 25% with a step of 5%, perturbation rate of random attack
from 20% to 100% with a step of 20%, and perturbations/node of Nettack from 1 to
5) to attack the Cora [20] dataset and report the accuracy (mean std) in Figure 3.2. From
experiment results we observe that: (1) with the increase of adversarial perturbation, the

performance of all methods drops, which is consistent with our intuition; (2) variants of
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GaSoliNe consistently outperform the baselines under various adversarial/noisy scenar-
ios; and (3) the proposed GaSoliNe even improves over the original, benign graphs (i.e., 0
perturbation rate and 0 perturbations/node).

An interesting question is, if the initially-provided graph is heavily poisoned/noisy, to
what extent is the proposed GaSoliNe still effective? To answer this question, we study
the performance of GaSoliNe and other baseline methods on heavily-poisoned graphs
(100% perturbation rate of random attack, 25% perturbation rate of metattack, and
5 perturbations/node of Nettack). The detailed experiment results are presented in
Table 3.4. In most cases, GaSoliNe can obtain competitive or even better performance
against baseline methods. On the Polblogs graph, GaSoliNe does not perform as well as in
the other two datasets. This is because, (1) the Polblogs graph does not have node feature
which weakens the effectiveness of modification from GaSoliNe and (2) the Polblogs graph
has strong low-rank structure, which can be further verified in the following experiments.
As flexible solutions, in the following subsection, we study whether GaSoliNe can work
together with other graph defense methods.

B - Incorporating with Graph Defense Strategies. GaSoliNe does not make any
assumption about the properties of the defects of the initially-provided graph. We further
evaluate if GaSoliNe can boost the performance of both model-based and data-based de-
fense strategies under the heavily-poisoned settings. We use a data-based baseline SVD [100],
a model-based baseline RGCN [103], and another strong baseline GAT [21] to integrate with
GaSoliNe since they have shown competitive performance from Table 3.4 and Figure 3.2.
The detailed procedure for model-based methods (GAT and RGCN) is as follows: GaSo-
liNe first modifies the graph, and then the baselines are implemented on the modified graph
to report the final results. For the data-based method (SVD), the baseline is implemented
to preprocess graphs first, and then we modify graphs again by GaSoliNe, and finally run
the downstream classifiers (APPNP) on the twice-modified graphs. In this task, GaSo-
1iNe-DTCF is adopted. In order to heavily poison the graphs, we use metattack [104] with
perturbation rate as 25% to attack the benign graphs. We report the results in Table 3.5
and observe that after integrating with GaSoliNe, performance of all the defense methods

further improves significantly with a p-value;0.01.

E cacy of Low-Rank GaSoliNe. To answer RQ3, we first compare the performance
of APPNP [23] on two modified graphs from the low-rank GaSoliNe (denoted as GaSo-
liNe-LR) and the original GaSoliNe, respectively. Specifically, we adopt its variant for
the original GaSoliNe with continuous modification towards the network topology. Due
to the space limitation, we only show the results given graphs perturbed by metattack [104]
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Table 3.5: Node classification accuracy (mean std) boosting of existing defense methods on
poisoned graphs (25% edges perturbed by metattack [104]) by the proposed GaSoliNe.

Data With GaSoliNe? | GAT  SVD RGCN

Cora N 488 0.2 60.3 0.8 50.6 0.8
Y 63.7 0.6 79.7 0.6 62.6 0.6

Cit N 62.4 0.7 495 0.8 555 1.4
reeseer Y 69.7 0.2 76.5 0.6 66.1 0.8
Polblos N 482 6.6 79.1 2.4 50.8 0.9
& Y 70.8 0.6 89.2 0.7 67.7 0.3

in Table 3.6. We observe that in most settings on both the Cora and Citeseer datasets, the
GaSoliNe-LR can obtain promising performance against the original GaSoliNe. Surpris-
ingly, on the Polblogs dataset, the GaSoliNe-LR shows great advantages over the original
GaSoliNe. One possible explanation is that the Polblogs dataset is inherently low-rank
(which can be corroborated by Table 3.4 where SVD [100] obtains strong performance) and
GaSoliNe-LR learns a low-rank incremental matrix which amplifies the advantage further.

To verify the efficiency of the proposed GaSoliNe-LR, we generate a set of synthetic
graphs with different numbers of nodes n. The wall-clock time for computing the hyper-
gradient is presented in Figure 3.3. Clearly, the GaSoliNe-LR is much more efficient than
the original GaSoliNe especially when the network size is large.

1004 —¥— GaSoliNe
GaSoliNe-LR

1014

10*2 4

Seconds per iteration

1 3 5 7 9 11 13 15
Number of nodes (103)

Figure 3.3: Efficiency comparison between GaSoliNe and GaSoliNe-LR

Case Study about the Behavior of GaSoliNe. Here, we further study the potential
reasons behind the success of GaSoliNe. To this end, we conduct a case study whose
core idea is to label malicious modifications (from adversaries) and test if GaSoliNe can
detect them. The specific procedure is that we utilize different kinds of attackers (i.e.,
metattack [104], Nettack [114], and random attack) to modify the graph structure of a
benign graph G (with adjacency matrix A) into a poisoned graph Gag, (with adjacency
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Table 3.6: Effectiveness comparison between GaSoliNe and GaSoliNe-LR

Data Ptb Rate (%) \ APPNP GaSoliNe GaSoliNe-LR

0 84.0 04 852 0.2 84.4 0.3

5 741 0.7 774 0.5 75.0 0.3

Cora 10 652 04 708 0.5 67.9 0.9
15 582 1.1 671 0.8 65.3 0.8

20 51.7 0.7 62,5 0.5 60.2 1.2

25 47.0 0.7 573 0.6 57.1 0.5

0 71.8 04 747 0.2 73.4 0.2

D 67.6 09 69.6 0.7 68.2 0.8

Citeseor 10 61.8 0.8 66.3 1.0 63.9 04
15 54.1 0.8 593 1.1 56.8 1.1

20 51.0 1.2 56.5 0.9 55.3 0.9

25 494 2.2 577 18 96.5 0.8

0 941 0.6 953 0.6 95.7 0.3

D 70.1 06 73.8 0.9 934 0.3

Polblogs 10 69.8 0.8 728 04 90.8 0.2
15 67.5 05 70.1 1.2 88.7 0.3

20 64.1 0.9 685 1.0 88.0 0.3

25 57.0 3.6 64.8 2.1 89.9 0.5

matrix Aagy). Then, we utilize the score matrix S from Eq. (3.13) to assign a score to
every entry of the poisoned adjacency matrix Aagy. As we mentioned in Section 3.1.3, the
higher score an entry obtains, the more likely GaSoliNe will modify it. We compute the
average score of three groups of entries from Ag,gy: the poisoned entries after adding/delet-
ing perturbations from adversaries, the benign existing edges without perturbation, and
the benign non-existing edges without perturbation. Note that both the benign graphs
and the poisoned graphs are unweighted, and we define the following auxiliary matrices.
Avditf = JAaqv  Aj is a difference matrix whose entries with value 1 indicate poisoned en-
tries. Apenign-e = A (1 Agirf) is a benign edge indicator matrix whose entries with
value 1 indicate the benign existing edges without perturbation. indicates element-wise
multiplication. Apenign-ne = (L A) (1 Agirs) is a benign non-existing edge indicator ma-

trix whose entries with value 1 indicate the benign non-existing edges without perturbation.
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Based on that, we have the following three statistics:

Pi;!-:(S Agirr) [13]]

S, A 3.17
adv i Adiee[l; J] 0
. (S Abenign—E> ['1]]
S . i AGEIY 3.18
benign-E iij Abenign—E[I;J] ( )
(S Avenigne) [i; J]
Sbenign—NE = é = ; <3'19>

i Abenign—NE[i;.”

which denotes the average score obtained by poisoned entries, benign existing edges, and
benign non-existing edges.

Detailed results are presented in Figure 3.4. We observe that GaSoliNe tends to modify
poisoned entries more (with higher scores) than to modify benign unperturbed entries in
the adjacency matrix of poisoned graphs, which is consistent with our expectation and
enables the algorithm to recover the benign graphs partially and to boost the performance

of downstream classifiers.
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Figure 3.4: Score of various entries under metattack (a), Nettack (b), and random attack
(c). Best viewed in color.
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E ect of Modi cation Budget. In this section, we study the relationships between the

budget of GaSoliNe and the corresponding performance of the downstream classifier.
Here, we instantiate two variants of GaSoliNe: discretized modification towards topology
(GaSoliNe-DT) and continuous modification towards feature (GaSoliNe-CF). The pro-
vided graph is Cora [20] which is heavily-poisoned by metattack [104] with perturbation rate =
25% (i.e., B). The perturbation budget per modification step b is set to be f=. Both the
backbone classifier and the downstream classifier of GaSoliNe are the APPNP [23] models
with the settings above. From Figure 3.5 we observe that with the increase of the budget
(modification rategy,, and modification rater.,), GaSoliNe enjoys great potential to
improve the performance of the downstream classifiers further. At the same time, ‘economic’
choices are strong enough to benefit downstream classifiers, so we set modification rategp,

as 0:1 and modification ratege, as 0:001 throughout our experiment settings.
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Figure 3.5: Performance of downstream classifier vs. the modification budget of GaSoliNe-
DT (a) and GaSoliNe-CF (b)
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Figure 3.6: Performance of GaSoliNe-DTCF vs. the update steps (a) and the number of
folds K (b).

E ects of Modi cation Steps and Number of Folds. As stated in the main con-

tent, during implementation, we set the budget to b in every iteration and update the given
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graph multiple times until the total budget B is exhausted. Hence, the update steps are
equal to d%e. Intuitively, a smaller budget per iteration can provide a finer update towards
the given graphs. To validate that we test the performance of an instantiation of GaSo-
liNe with discretized modification towards topology and continuous modification towards
feature (GaSoliNe-DTCF) on the Cora [20] graph which is poisoned by metattack [104]
with perturbation rate = 25%. Both the backbone classifier and the downstream clas-
sifier of GaSoliNe are the APPNP [23] with the settings above. From Figure 3.6a, we
observe that with more update steps, downstream classifiers can get better performance.
However, when the number of steps exceeds 20, the performance improvement is minor.
Additionally, the number of training/validation split folds, K, is another important hyper-
parameter in our model. Intuitively, a larger K leads to better usage of the given data. To
study the relationships between K and the corresponding performance of the downstream
classifier, we implement GaSoliNe-DTCF on the original Cora graph to verify that. Note
that the modification ratey, = 0:1, modification rateg, = 0:001, and the number of
modification steps is set as 10. From Figure 3.6b we observe that the performance of the
downstream classifier is improved with the increase of the number of folds. However, such
performance gains stop when K = 6. Hence, K = 6 is enough to make full use of the given

graph by GaSoliNe.

3.2 GENERALIZED FEW-SHOT NODE CLASSIFICATION

3.2.1 Introduction

The task of node classification aims to classify nodes into categories, which has been
extensively studied [20, 21, 23, 31, 120, 121, 122, 123]. Typically, sufficient labeled nodes
from all the classes are the cornerstone of this task. However, due to the ever-growing new
data and high annotation cost by human labor, the number of labeled nodes from various
classes tends to follow a long-tailed distribution [124]. Consequentially, some classes might
not have sufficient labeled nodes, which in turn degrades the performance of node classifiers
dramatically. This problem with limited labeled nodes per class (i.e., shots) is known as
few-shot node classification [124, 125, 126, 127, 128].

Formally, few-shot node classification separates the classes of interest into the base and
novel classes, where the former are provided with many shots and the latter are provided with
only few shots (usually less than 10). At the test phase, the classifier aims to accurately
classify test nodes only into the novel classes. Directly training advanced node classifiers

(e.g., graph neural networks (GNNs)) on few labeled nodes from novel classes is prone to
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Figure 3.7: An illustrative example to show the difference between the few-shot and gener-
alized few-shot node classification tasks. For the generalized one, the test node is expected
to be classified into the joint set of the novel and base classes.

Base Novel
classes classes

overfitting. Recently, increasing research efforts have been made to address the few-shot node
classification problem. Representative works include MetaGNN [125], graph prototypical
networks (GPN) [124], G-META [127], and so on. Most of the existing solutions are under
the umbrella of meta-learning [129], specifically, the strategy named episodic training [124,
125, 130, 131, 132]. Concretely, they first construct episodes from the base classes, every
of which includes the training and evaluation of a (base-) learner (e.g., a node classifier).
Then, a meta-learner is optimized by supervising the training and evaluation process of
the (base-) learner, and ‘learns to X’ (e.g., learns to train a node classifier) through the
iterative episodes. With such high-level knowledge extracted by the episodic training, the
meta-learner can effectively assist the node classifier to handle the node classification tasks
on few-shot novel classes.

Despite the great progress, most, if not all, of them follow a strong assumption that all the
test nodes must be exclusively sampled from the novel classes, which is hardly realistic in real-
world applications. A motivating example is a bibliography literature classification system,
whose nodes represent published literature and links represent reference relationships. More
often than not, a newly-published paper could fall into a classic domain (i.e., a base class)
instead of a new domain (i.e., a novel class). To bridge the gap between the setting of the few-
shot node classification problem and real-world scenarios, this paper studies a broader and
more practical problem, namely generalized few-shot node classi cation. Given base classes
with many shots and novel classes with few shots, in this new problem, a node classifier
is expected to perform classification on the joint label set of both base and novel classes,

instead of the label set of the novel classes alone. An illustration is provided in Fig. 3.7.
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This subtle difference in the target label set leads to a significantly more challenging problem
from two key perspectives.

Challenges. First (asymmetric classi cation), at the meta-test phase for meta-learning-
based methods (or the test phase for standard learning methods), a classifier tends to show
more confidence towards the base classes compared with the novel classes [133] due to the
imbalanced shots [134, 135]. In Table 3.7, we illustrate that by presenting classification
results on Amazon-Clothing [136] and Cora-Full [137] datasets from a classic node classifier
(APPNP [23]) and a few-shot node classifier (MetaGNN [125]). We observe that the majority
of nodes from the novel classes are classified into the base classes, which will definitely lead
to misclassification. Similar results have been reported in the generalized zero-shot learning
problem [138, 139, 140] from the computer vision domain.

Second (inconsistent preference), appropriately aggregating information from multiple re-
ceptive fields is the key operation for the effectiveness of graph neural networks [23, 121, 141].
However, the optimal weight assignments among receptive fields could vary dramatically be-
tween the many-shot cases (i.e., from a base class) and the few-shot cases (i.e., from a novel
class). For instance, on a sparsely-connected homophilic graph (where edges often connect
same-class nodes), under the many-shot settings, classifiers prefer to pay more attention
to the local information [23, 121] from small receptive fields; on the contrary, under the
few-shot settings, more attention to the long-range propagation is necessary as the labeled
nodes will locate sparsely in the given graph [23, 70, 126, 142]. There is tension between
the above two scenarios about the weight assignments of receptive fields. Nonetheless, it
remains unknown how to design an adaptive model that can kill two birds with one stone,
addressing both base and novel classes. It is worth noting that the inconsistent preference
challenge only applies to the generalized few-shot node classification problem. In contrast,
for the standard few-shot node classification problem, a classifier will not face the incon-
sistent preference challenge, and a consistent weight assignment is often sufficient. This is
because, at the meta-test time, classifiers only need to predict novel classes whose numbers

of shots are more or less balanced.

3.2.2 Preliminaries

This section introduces the notations, the formal definition of the problem we aim to

study, and preliminary works on few-shot learning based on meta-learning.

Notations. We use bold uppercase letters for matrices (e.g., A), bold lowercase letters for

vectors (e.g., U), lowercase and uppercase letters in the regular font for scalars (e.g., d, K),
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Table 3.7: Test nodes (%) classified from base classes to base classes (i.e., b ¥ b), from base
classes to novel classes (i.e., b ¥ n), from novel classes to base classes (i.e., n ¥ b), and
from novel classes to novel classes (i.e., N ¥ n), respectively.

Dataset Method b ¥b b¥n n¥b nin

Amazon APPNP 100.0 0.0 69.6 30.4
Clothing MetaGNN  100.0 0.0 61.2 38.8

Cora-Full APPNP 99.2 0.8 66.8 33.2
MetaGNN  99.0 1.0 72.4 27.6

and calligraphic letters for sets (e.g., T ). Ali;]j] denotes the entry of matrix A at the i-th
row and the j-th column, A[i; :] denotes the i-th row of matrix A, and A[:; j| denotes the j-th
column of matrix A. Similarly, u[i] denotes the i-th entry of vector u. Superscript > denotes
the transpose of matrices and vectors (e.g., A™ is the transpose of A). An attributed graph
can be represented as G = TA;Xg which is composed by an adjacency matrix A 2 R" "
and an attribute matrix X 2 R™ 9, where n is the number of nodes and d is the node feature
dimension. In total, nodes can be categorized into a set of classes C. The node set V and
the class set C will be split and notated with appropriate subscripts. For example, Viest and
Chovel refer to the test nodes and the novel classes, respectively. N denotes the number of
novel classes and K denotes the number of training nodes per novel class. Note that the
number of base classes and the number of training nodes per base class are much larger than

N and K, and they are not fixed across different datasets.

Problem De nition. As mentioned in Section 3.2.1, we do not exclude the base classes
from the class membership of test nodes and study the generalized few-shot node classi cation

problem which is defined as follows.

Problem 3.2. Generalized few-shot node classification

Given: (1) a graph G = TA; Xg, (2) labeled nodes Vpase from base classes Cpase, (3) labeled
nodes Vpover from novel classes Cnovel (Chase \ Crovet = ;) where each novel class has very
few (e.g., 1) labeled nodes, (4) unlabelled test nodes Viest from classes Crovel [ Cpase, where
Vpase \ Viest = 5 and Viovel \ Viest = ;.

Find: The predicted labels for the unlabelled test nodes Viest.

We remark that the topology and attribute information of all the nodes are given and we
study this problem under the semi-supervised (and transductive) setting.
Based on the naming convention from the few-shot learning community, we name it as the

generalized N-way K-shot node classification problem. Note that this naming convention
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only describes the setting of novel classes. The number of base classes is at least 3N, and

each of the base classes is provided with at least 10K shots.

Episodic Training for Meta-Learning. Meta-learning-based few-shot learning solutions
inspire our proposed method. Here, we introduce the classic episodic training [124, 125, 130,
131, 132, 143].

Meta-learning is also known as learning-to-learn which describes the interaction between
a meta-learner (parameterized by ) and a (base-) learner (e.g., a classifier parameterized
by ). According to the conventional N-way K-shot problem setting [124, 125, 132], at the
meta-test phase, all the nodes exclusively come from the novel classes Cpover and jCpoverj = N.
The classifier will fit on the provided N K labeled nodes (i.e., K labeled nodes per novel
class) with the assistance of the meta-learner . The meta-test performance is measured by
the fitted classier on the test nodes.

To align the meta-training and meta-test scenarios, episodic training [124, 125, 130, 131,
132] mimics the meta-test scenario and generates episodes fE; = S;; Qigg from base classes.
In every episode, N base classes are randomly selected. Then, for the selected base classes,
K and I labeled nodes per base class are sampled to compose the support set S; and the
query set Qj respectively. Here the configuration of the support set is to align with the N-
way K-shot meta-test scenarios, and | is fixed (e.g., 30) as many existing works [124, 131]
did. As the support set Sj and query set Qj are both labeled but do not overlap with each
other, we use v and V! with indices to distinguish nodes from the support set S; with those
from the query set Qj. The i-th episode can be represented as Eq. (3.20) and the training
objective can be formulated as Eq. (3.21).

Si="fvi;iivn kg Qi= Vvl (3.20)
=argmin Ey,2q Lera (Z(G; 5 Vi) Vi),
(3.21)
sttt =argminEys Leta (2(G; 5 5V5)1Yi);
where z(G; ; ;vVj) is the classification results on node v;j by the classifier (with the assis-

tance from the meta-learner ), y; is the label of vj, and L¢ja() is the classification loss. The
classifier  is trained from scratch with the meta-learner  on the support set S; (i.e., the
lower-level objective) and its loss on the query set Qj serves as the supervision to update

the meta-learner  (i.e., the upper-level objective).
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3.2.3 Proposed Method

Figure 3.8: The framework ofStager . The propagation stepp = 2 in this gure.

In this section, we rst introduce the overall motivation of our model design. Then,
we present the concrete instantiation of every model component. After that, a tailored,
imbalanced episodic training approach is proposed for our model.

Design Motivation. From the statistical learning perspective, the goal of the generalized
few-shot node classi cation is to infer the probabilityP (y;jG; v;), wherey; is the label of the
nodev;: X
P (yiiGvi) = P viG:Gvi P GiGv ; (3.22)
C;i 2f novel;baseg

where C; is a variable to indicate whether the given node; belongs to novel classes or
base classes. Whe@; = base inferring P v;jCi; G;v; is equivalent to the standard node
classi cation problem [20, 21, 23, 120, 121, 122, 123] with many shots. On the contrary,

if Ci = novel, inferring P v;jCi;G,v; is equivalent to the few-shot node classi cation

problem [124, 125, 132]. In a nutshell, there exist rich approaches to estim&ey;jCi; G, v
in both cases.

However, resolving the problem in one model as Eq. (3.22) is a great challenge. The
empirical evidence in Table 3.7 illustrates that the e ect ofasymmetric classi cation de-
teriorates the classi cation performance signi cantly. In other words, when applied to the
generalized few-shot node classi cation problem, existing classic and few-shot node classi-
ers tend to over-estimateP C; = basgG;v; yetunder-estimateP C; = novelG;v; ,i.e.,

P GCi = basqG; v P G = noveliG;v; even ify; is from the novel classes. An intuitive
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explanation is that, for existing methods, most of them directly estimat® (y;jG;v;) by one
parametric model whose training is overwhelmed by the labeled nodes from the base classes.
Thus, the implicit componentP GCjjG;v; of the estimated probability P (yijG; vi) is heavily
biased. Based on the above analysis, our overall solution for tagymmetric classi cation

is estimatingP vy;jCi;G,v; andP CjjG;v; separately.

Unfortunately, exactly inferring of P y;jCi; G,v; or P G;jjG;v; is not feasible. This is
because, on graph data, the labels of a node (both C; and y;) are determined by its at-
tributed ego net, and exactly inferring them requires enumerating all the possible attributed
ego nets. Therefore, we approximate the above two distributions by tractable models, in-
cluding a classierf ( ) and a weight assignemg( ). In the following subsections, we will
introduce the instantiations off ( ) and g( ); after that, a novel generalized episodic train-
ing paradigm is presented, which is tailored for the generalized few-shot node classi cation
problem and can work hand-in-hand with our models.

Models. The overall framework of our proposed modebtager is presented in Fig. 3.8.
It is composed of a classi eff ( ) and a weight assigneg( ) introduced below.

A - Classier f( ). The classier is instantiated as follows which is based on theredict-
then-propagatedesign [23],

HO = MLRX; ); (3.23a)

HUD = a4 O | (3.23b)
XP N

Z = softmax WI[;jjr> HO (3.23¢)

i=0

We rst obtain the prediction H® 2 R" € based on the node attributesX from a multi-
layer perceptron (MLP) parameterized by (i.e., Eq. (3.23a)), wheren is the number of
nodes andC is the total number of node classes (including botl.se and Gyovel ). Then,
the prediction matrix H© is propagatedp steps to obtain a group of prediction matrices

symmetrically normalized adjacency matrix with self-loops. Notice that these prediction
matrices also denote the predictions based on di erent receptive elds. Finally, all these
prediction matrices are aggregated by a weight assignment matriw 2 R" ®*) whose
entry W [i;j ] represents the importance of th¢-th propagated prediction matrix (i.e., H())
for the i-th node (i.e., Z[i; :]). By broadcasting the weight vector for thej-th propagation
(i.e., W[:;j]) with an all-one vector1 2 R® 1, we assign the weight to thg -th propagated
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prediction matrix through the Hadamard product . The softmax is row-wise.

Existing models APPNP [23] and GPRGNN [121] set every column of weight matri%/ as
a constant vector, which might su er from theinconsistent preferenceproblem as the optimal
weight assignments among receptive elds could vary dramatically between the many-shot
cases and the few-shot cases (see the detailed analysis in Section 3.2.1). One possible solution
is to setW as a free learnable parameter of the classi er, which is prone to over tting as the
number of parameters is linear with respect to the number of nodes. More importantly, as we
have analyzed before, explicitly estimating® GC;jjG;v; is necessary. Hence, we propose to

encodeP GCijG;v; into W as the output of a well-designedveight assigneras introduced
below.

B - Weight Assigner g( ). Based on the design motivation laid out above, on estimating
P GijG;v; and working closely with the classi erf ( ), our design of the weight assigner
o( ) bears the following rationales. First, essentially, for the generalized few-shot node
classi cation problem, P CijG;v; re ects the number of shots; e.g.P C; = basgG,;v;
indicates the probability of the class ofv; being provided with many shots. Second, a
sub-module should explicitly extract the shot-aware representation from the inpudG; v;g.
Finally, if the input of a module is shot-aware, its output should also be shot-aware. Concrete
instantiation of g is as follows whose two sub-modules are parameterized by f 1; ,0,

Z = rank (softmax (g; (A; X; 1)) ; (3.24a)
W = MLPZ; , : (3.24b)

The rst sub-module (Eq. (3.24a), motivated by the rst and second rationales) is a prelim-
inary node classi erg, (parameterized by ,, followed with softmax) whoseranked output

Z 2 R" € is the shot-aware representation. The second sub-module is an MLP (Eq. (3.24b),
parameterized by ,, following the last rationale), whose output is the shot-aware weight
assignment matrix. Therank is row-wise.

Our key idea is to utilize the epistemic uncertainty! Since the epistemic uncertainty
can re ect the size of training data, i.e., shots for our problem, our rst sub-module of
the weight assigner (Eq. (3.24a)) conducts a preliminary prediction (i.esoftmax(g.()),
and then measures the epistemic uncertainty (i.eiMLPrank()), where MLPis merged into
another MLPfrom Eq. (3.24b) for brevity) to output the shot-aware representationz. We
further elaborate on a few more points. First, for better extracting the epistemic uncertainty,
we adopt a practical approach named dropout variational inference [144, 146] and rewrite

LEpistemic uncertainty is de ned to measure how well the model ts the data and is reducible as the size
of training data increases [144, 145].
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the input of rank() from softmax g.(A;X; 1) to Tl thl softmax (g; (A; X; 1)) where

! is the masked parameter of ; through dropout layers [147]. Second, the design of the
rank function is based on the intuition that the uncertainty is closely related to the ordered
prediction vector. For example, commonly-used uncertainty metrics of a prediction vectar
maxu) (the largest probability) and gap(u) (the largest probability minus the second largest

Finally, the proposed uncertainty measureMLRPrank( )) is exible, thanks to the universal
approximator MLA148]. We will provide an interesting discussion about the selection of
in Section 3.2.4.

Imbalanced Episodic Training. As mentioned, we decompose the classi cation goal
into two probability distributions ( P vy;jCi; G v; and P GC;jjG;v; ) and estimate them by
the classi er f ( ) and weight assignerg( ) respectively. The key idea is designing( ) to
output a shot-aware weight assignment matrix for the ( ). This is because, fundamentally,
for the generalized few-shot node classi cation probler®, CijG;v; re ects shots and vice

versa. Here, we further ask:how can we traing( ) to estimate P GCjjG;v; Iin an even
broader scope, beyond the scenario of base clasSgs vs. novel classe&oe ? In other

words, whether there exist other base classes vs. novel classes scenarios from whidj( the
can learn?

To answer this question, let us take a close look at a prevalent training paradigm for
meta-learning problems named episodic training [124, 125, 130, 131, 132]. The core idea
of episodic training is to leverage the abundant labeled base samples to generate su cient
few-shot episodes (all classes are few-shot). The few-shot episodes facilitate the learning of a
meta-learner which can in turn assist the learning of learners on few-shot scenarios. However,
directly grafting such a strategy on the training ofg( ) is pointless. That is because, the
goal of the weight assignerd( )) for the generalized few-shot node classi cation problem
is not learning to learn a few-shot classi er(the core idea of meta-learning based few-shot
learning), but learning to tell if a node is from novel classes or base classBased on this
key insight, we generalize the episodic training and propose a novel training strategy named
imbalanced episodic training
A - Imbalanced Episodes. For the generalized few-shot node classi cation task, as
we have mentioned before, the ideal training scenarios of the weight assigger) are com-
posed of base classes vs. novel classes. Hence, we prapimdanced episodic trainingto
mimic such scenarios. Particularly, our rst step is to samplg@seudo-basend pseudo-novel
classes Gseudo-novel aNd Gyseudo-base) from the base classes such thg€yseudo-nover j = N and
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]Goseudo-base] = M. Then, the labelled nodes (fronGyse) Which belongs toCyseudo-nover and
gseudo.base are notated aSVpseudo-nove| and Vpseudo_base. After that, ep|SOdeSfE| = fS|,Q|gg
are sampled fromVpseudo-novel aNd Vpseudo-base Where thei-th episode can be represented as
follows.

(3.25)

from Vpseudo-novel from Vpseudo-base

where K nodes are sampled fronVyseugo-novel P€r class andL nodes are sampled from
Vpseudo-base P€r class to form every support se§; from both Vpseudo-base @aNd Vpseudo-novel » |
nodes are sampled per class to form every query §¢t About the selection ofN, M, K, L,
|, we follow three rules of thumb: (1)N M because it is common thaiCovel] JC basel,
2 K L becaus&Cyseudo-base SEIVes as the many-shot classes a@gleydo-novel S€rVes as the
few-shot classes, and (3) is xed (e.g., 30) as many existing works [124, 131] did. Specic
selections of the above values can be found in Section 3.2.4.

B - Training Procedure for Stager. We rewrite the nal prediction of the proposed
Stager from Eq. (3.23c) asz(G; ; 1; 2;Vi) to represent the prediction results w.r.t. thei-
th node. Following the same format, we rewrite the prediction from the preliminary predictor
o (i.e., softmax g.(A;X; 1) from Eq. (3.24a)) asz{G, 1;v;). In addition, we usey; to
represent the label of tha-th node. Then the objective of imbalanced episodic training for
Stager is,

,=argmin Eyoo Lea (Z(G ;15 22V):V);
: (3.26)
sitt | = argmin Ey2s Laa (Z(G 5 15 22Vv)3¥)+ Leaa (G V) y),

where is a trade-o parameter andL ., denotes the classi cation loss.

Remarks. First, in Eg. (3.26), the episodes are imbalanced according to Eq. (3.25). Second,
the preliminary classi er g;( 1) should be trained from scratch to be shot-aware in every
episode; hence, ; is optimized in the lower-level objective and only , is updated across
episodes. Finally, in implementation, for every episode, we pretrain the preliminary classi er
oi( 1) based onL . (G, 1;V;);Y;) (which does not contain or ;) to converge and keep

it xed when solving the bilevel optimization problem in Eq. (3.21) (i.e., remove the term

L aa (G 1,V;):y;) from the lower-level objective). Such a training strategy shows great
e cacy empirically. In principle, we can use any gradient descent-based optimization. To
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Algorithm 3.2: Imbalanced episodic training forStager
Input : an attributed graph G= fA; X g, the hyper-parameters of the imbalanced
episodeN, M, K, L, I;
Output: optimized ;
1 initialize ,;
2 while , not convergeddo

3 construct an imbalanced episodéE = fS ; Qgg according to Eq. (3.25);
4 pretrain 1 based on the classi cation loss givefs;

5 initialize ;

6 while  not convergeddo

7 \ update based on the classi cation loss gives;

8 end

9 update , based on the classi cation loss giveR;

10 end

compute the gradient of the upper-level problem, many choices such as the rst-order ap-
proximation [117, 149] and iterative di erentiation methods [150, 151] are available. At the
meta-test phase, we train the classi erff ( ) and preliminary classi er g;( 1) from scratch
and ne-tune the second module of weight assigner parameterized with on all the labeled
nodes with sample re-weighting.

The training procedure is formally presented in Algorithm 3.2.

C - Discussion. If the nodes notated as fronVyseudo-base” @re removed in Eq. (3.25), the
composition of both the support setS; and the query setQ; is the same as Eqg. (3.20). From
another perspective, the conventional episodic training mimics the uniform distribution of
the number of nodes from the selecte (pseudo-novel) classes under the few-shot settings.
Our imbalanced episodic training takes one step further and mimics a more complex mixed
distribution from two uniform distributions (i.e., many shots for Gseudo-base and few shots
for Cpseudo—novel )

Importantly, this training paradigm is independent of our modelStager , and itis even in-
dependent of the node classi cation task. In fact, it is a newyeneralmeta-training paradigm
which can be applied to most, if not all, of the generalized few-shot learning problem from
the meta-learning perspective. In addition, the idea behind the proposed imbalanced episode
training can be naturally generalized to other more realistic distributions such as the long-
tailed power-law distribution. We leave those interesting topics as future works.

We noticed that some existing e orts [60, 152, 153, 154] generalize the traditional episodic
training into a noisy variant (e.g., the shot per class in the support set is a random num-
ber). We elaborate on the similarity and di erences between the noisy episodic training
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and our proposed imbalanced episodic training as follows. Both training strategies aim to
mimic a realistic training episode, where the training samples per class are not the same.
Our proposed imbalanced episodic training aims to emphasize the comparison between the
pseudo-based classes vs. the pseudo-novel classes (e.g., 50 shots vs. 5 shots) so as to empower
the training of the uncertainty-aware module. However, the noisy episodic training does not

have a specic focus on such a comparison. A potential improvement of the imbalanced
episodic training is to manually import some noise into the number of training samples.

For example, the shots of pseudo-base classes canrdaend(50 + noise) and the shots of
pseudo-novel classes can beund(5 + noise). We also leave those interesting explorations

as future works.

For the model complexity, compared with other models following thpredict-then-propagate
design [23] (e.g., APPNP [23] and GPRGNN [121]), the propos&tager needs two extra
models ; and , from Eg. (3.24a) and Eq. (3.24b). For brevity, if both ; and , have only
one hidden layer and the hidden feature dimension is the same as the raw feature dimension
d, the number of parameters of ; and », are d?jCj and djCj(p + 1), respectively. HereC is
the node class set ang is the propagation steps.

3.2.4 Experiments

Datasets. We use two E-commerce datasets: Amazon ClothifAd136], Amazon Electron-
ics® [136], and two citation datasets: Aminet [155], and Cora-Fult [137]. Detailed statistics

of the datasets is in Table 3.8. All the datasets used in this paper are publicly accessible.
They are all anonymized, numerized, and do not contain personally identi able information

or o ensive content. For all the datasets, we only select classes whose number of nodes is
larger than or equal to 100, so that we can have su cient test nodes for every class. For
the novel classes, we follow the N -way K -shot setup whereN 2 f 5;10g and K 2 f 1; 3g.
Also, we selectmany base classes (i.e. N JC pasej) With 50 shots and select a part of
the base classes as the validation classes. Note that our setting is also known as the step
imbalance [156], where the novel classes are wkhshots and the base classes are with 50
shots. We leave studies on other types of imbalance as future work. Our code and data are
accessible with detailed dataset splits and hyperparameter settings.

2https://nijianmo.github.io/amazon/index.html
3https://www.aminer.cn/data/?nav=openData
“https://github.com/abojchevski/graph2gauss/tree/master/data
Shttps://github.com/pricexu/STAGER
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Table 3.8: Statistics of Datasets.

Dataset Nodes Edges Features Labels
Amazon Clothing 24919 91680 9034 77
Amazon Electronics 42318 43556 8669 167
Aminer 40672 288270 7202 137
Cora-Full 18800 62685 8710 56

Metrics.  The performance of models is evaluated by the accuracy (ACC) on test nodes.
To be speci c, we report the accuracy on the base classes, novel classes, and all the classes,
respectively. We report the average result, along with the standard deviation, in 10 runs.

Baseline Methods.  The baseline methods which we compare o&tager -I (with imbal-
anced episodic training) andStager  (without imbalanced episodic training) with can be
categorized into (1) classic neural node classi ers including APPNP [23], and GPRGNN [121]
which follow the same predict-then-propagate design as o&tager ; (2) few-shot neural
node classi ers including MetaGNN [125], GPN [124], and G-META [127]; (3) an imbalanced
node classi er GraphSMOTE [157] (short as G-SMOTE). Note that if we ablate the weight
assignerg from the proposedStager , our model will degenerate into the GPRGNN [121]
whose weights of receptive elds are the same for every node.

Implementation. For the APPNP and GPRGNN, we train them with two strategies: (1)
pre-training models over the base classes and ne-tuning them over the novel classes or novel
& base' classes, and (2) training models over the imbalanced labeled nodes and re-weighting
nodes from the novel classes with high weights. We empirically nd the performance from the
second strategy is better and we report their best performance in the following subsections.
For MetaGNN, GPN, and G-META, at the meta-training phase, we train them with the
existing episodic training. At the meta-test phase, we ne-tune MetaGNN on the imbalanced
labeled nodes. For GPN and G-META, at the meta-test phase, since their models and codes
are designed for the balanced few-shot settings, we downsample the labeled nodes from base
classes so that all the classes are few-shot. For GraphSMOTE, we implement its downstream
classi er as APPNP which shows strong performance. As GraphSMOTE conducts node
augmentation based on the nodes from novel classes only, when the shot is 1 for the novel
classes, there is no augmentation space and we report the same results as APPNP. When
shots are 3, GraphSMOTE augments novel classes rst and then trains APPNP over the
augmented data.

For the proposedStager , , 1, and , share the same number of hidden units which is
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searched fronf 24; 48; 72,96, 120y. We train the model with Adam [158]. The learning rate
is searched fronf1 10 %;5 10 3;1 10 35 10 “gand the weight decay is searched from
f1 1045 1041 103%5 1031 1025 10 20:1g. The sample re-weighting is set
as 50 :N for the novel and base classes respectiveN. is the number of ways for the novel
classes. The integer number of steps for propagatiprs searched from [210]. The dropout
rate of the classi erf and the weight assignerg is searched fromf 0; 0:2; 0:4; 0:5; 0:6; 0:8g.
For the imbalanced episodic training, the number of query nodes per class= 30; the
number of pseudo-novel class@¢ and the number of shots per pseudo-novel claks follow
the speci ¢c N-way K -shot setup; the number of pseudo-base clasddsis the number of all
the remaining base classes (i.eM = jGyasej N); the number of shots per pseudo-base class
L = 40. We set the dropout variational inference parametefl = 10, as we observed that
whenT 10, model performance becomes very stable. Our code and data are accessible
online®.

Main Results.  Performance comparison on four datasets is presented in Table 3.9. We
have the following observations. First, existing few-shot node classi ers do not perform well
on the generalized few-shot node classi cation problem. For instance, MetaGNN does not
show advantages compared with classic methods such as APPNP; GPN and G-META can
obtain a decent performance on the novel classes but cannot fully utilize the labeled nodes
from the base classes during the meta-test phase, which in turn degrades its performance on
the base classes. Second, compared with classic neural node classi ers (APPNP, GPRGNN),
without imbalanced episodic training, the proposedstager already outperforms them in
most cases and retains competitive in the remaining cases. Third, there is a trade-0 between
the performance on the base and novel classes and we observe that, in most cases, the
proposed imbalanced episodic training can indeed signi cantly improve the performance on
the novel classes while keeping competitive performance on the base classes. Fourth, in
all the cases, our modelsStager and Stager -l) obtain the best overall performance
on all the settings consistently and signi cant improvements on some cases (e.g.,3%8
improvement on all the classes on Amazon Electronic datasets with the 5-way 3-shot setting).
Finally, GraphSMOTE only leverages the novel classes to conduct node augmentation whose
advantage is restricted.

In addition, we provide the visualization of the prediction vectors of test nodes from the
novel classes in Figure 3.9. GPRGNN, G-META, GraphSMOTE, anftager -l are selected
for the visualization and the experimental setting is selected as 5-way 3-shot on the Amazon
Clothing dataset. The visualization shows thatStager -1 can e ectively discriminate novel

Shttps://github.com/pricexu/STAGER
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Table 3.9: Performance comparison (mearstd accuracy %) on four datasets under di erent

N -way K -shot settings fornovel classes Base', 'Novel', and "All' denote accuracies on the
base classes, novel classes, and the entire label space, respectively. Bold and underlined
numbers indicate the best and second-best performance, respectively.

Dataset Setting Class ‘ APPNP GPRGNN MetaGNN GPN G-META G-SMOTE ‘ STAGER STAGER-I
Base | 67.4 16 64.7 os 64.0 o5 46.1 33 48.7 27 67.4 16 69.3 11 67.3 04
5wls Novel | 31.4 09 31554 28.3 04 36.1 51 39.2 29 31.4 09 32.4 20 41.3 10
All 48.5 1.0 47.3 30 45.4 0.4 409 29 43.7 22 48.5 1.0 50.0 10 53.7 os
Base | 70.5 09 69.7 1.0 66.1 1.2 62919 63.317 69.4 07 72.3 15 68.4 1.0
5w3s  Novel | 48.6 25 50.1 38 40.4 o8 46.167 476563 45.6 23 53.9 21 66.0 24
égtizir?g All 59.1 12 59.4 21 52.6 1.0 54134 55.135 57.0 14 62.7 11 67.2 11
Base | 73.3 03 70.7 12 67.6 05 42.7 24 48.2 21 73.3 03 76.7 15 66.7 o5
10wls Novel | 45.2 06 37.7 31 41.5 o5 39.7 57 39.9 49 45.2 06 43.1 27 59.6 o6
All 58.6 03 53.5 16 54.0 0. 40935 43920 58.6 0.3 59.0 16 63.0 os
Base | 69.2 06 67.5 11 65.6 12 59.5 27 57.4 19 68.1 0.7 70.9 o7 69.3 04
10w3s Novel | 61.4 04 58.0 15 53.6 02 49.6 71 54.1 28 53.6 38 61.8 12 64.6 o7
All 65.2 0.4 62.5 13 59.2 02 54334 55.6 16 60.5 19 66.2 038 66.8 o5
Base | 60.1 18 58.4 09 59.7 03 19.1 21 22531 60.1 18 65.8 21 63.9 10
5wls Novel | 7.8 o8 51 11 6.4 03 16.6 54 15367 7.8 08 8.0 07 19.7 16
All 27.2 04 24.8 0.4 26.2 0.2 17.5 38 18.0 50 27.2 04 29.4 14 36.1 11
Base | 64.2 18 55.1 09 63.0 0.7 43.7 16 43.6 2.4 63.0 14 69.1 16 69.0 29
5w3s  Novel | 21.6 15 13.3 20 23.1 02 32.7 48 28.1 56 12.0 40 29.8 27 40.7 22
AE‘;ZCO” Al | 37415 28814 37903 36834 33935 30.9 25 44.3 18 51.2 23
. Base | 64.4 12 59.7 13 53.1 16 18514 20.8 22 64.4 12 69.0 o9 61.3 08
10wls Novel 8.0 13 5.7 11 4.9 01 15.3 37 15.0 37 8.0 13 11.3 15 154 o3
All 34.4 10 31.0 11 27.7 02 16.8 23 17.7 20 34.4 10 38.3 12 36.9 04
Base | 58.6 04 55.2 09 48.8 07 43.8 17 46.3 16 62.9 07 72.3 11 66.5 0.1
10w3s Novel | 22.4 11 14.8 10 16.5 0.2 27.5 29 26.2 32 13.8 03 20.3 24 38.1 23
All 39.4 05 33.7 07 31.6 04 35114 35618 36.8 02 44.7 15 51.4 11
Base | 40.8 10 38.2 17 40.4 04 19.4 15 254 17 40.8 10 40.9 10 36.1 11
5wls Novel | 24.8 23 12.4 23 7.6 0.2 20.064 22.2 46 24.8 23 29.7 12 37.2 16
All 32513 24.8 11 23503 19.7 31  23.7 26 32513 35.7 06 36.7 13
Base | 42.5 16 39.8 15 42.6 04 23.0 19 38.2 14 39.2 15 42.0 11 39.6 0.2
5w3s  Novel | 33.1 09 29.3 25 334 03 21.4 a2 34.9 44 36.3 13 36.2 08 44.4 o3
Aminer All 37.6 09 34.4 o8 37.8 02 22.2 21 36.5 24 37.7 04 39.0 0.9 42.1 o3
Base | 41.2 13 41.0 08 42.6 04 19.6 15 23.4 18 41.2 13 40.3 16 40.4 04
10wls Novel | 11.2 12 4.1 13 11.6 03 16.1 40 15.5 44 11.2 12 16.8 0.6 21.8 11
All 25.7 06 22.007 26.6 02 17.8 22 19.3 23 25.7 06 28.2 11 30.7 os
Base | 41.7 12 43.1 15 42.4 02 26.3 15 34.7 15 39.1 05 46.2 os8 40.4 o6
10w3s Novel | 21.6 03 17.7 18 24.5 03 18.7 38 23.4 48 23.0 14 21.6 06 27.8 10
All 31.3 06 30.0 11 33.102 22422 28921 30.8 09 33.506 33.9 o7
Base | 70.6 10 72.7 13 71.4 02 40.2 31 55527 70.6 1.0 71.1 08 70.1 21
5wls Novel | 25.3 08 21.3 09 20.8 03 12.9 a7 19.0 66 25.3 08 33.2 14 34.8 o4
All 46.3 0.7 45.1 09 44.3 02 25632 35933 46.3 07 50.8 11 51.2 os
Base | 73.3 11 76.5 13 70.1 02 44.6 20 55515 73.0 09 70.8 0.4 78.1 o2
c 5w3s  Novel | 26.5 14 21.1 24 23.6 06 16.1 27 24.8 44 9.7 07 32.0 23 30.7 23
lerla All | 48211  46.817 45203 29316 39.125 39.1 03 50.0 13 52.6 14
Base | 75.9 os 76.2 o8 70.1 02 45.2 30 52.1 17 75.9 o8 76.2 o7 69.6 0.1
10wls Novel | 20.1 17 15.1 13 11502 14.6 23 16.9 31 20.1 17 29.8 o9 24.3 o5
All 40.7 o7 44.6 08 39.8 01 29.4 14 33914 40.7 o7 52.2 01 46.2 03
Base | 74.8 06 74.7 06 68.0 03 42815 52.7 18 67.5 05 77.9 o6 74.4 04
10w3s Novel | 37.9 14 28.1 12 34.1 03 19.4 29 18.6 2.9 7.5 10 27.7 20 40.0 14
All 55.7 o7 50.7 07 50.5 0.2 30.712 35.013 36.5 07 52.0 07 56.6 06
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(a) GPRGNN (b) G-META (c) GraphSMOTE (d) STAGER-I

Figure 3.9: Visualization of predictions from GPRGNN (a), G-META (b), GraphSMOTE
(c), and STAGER-I (d). Best viewed in color.

test nodes, which aligns well with the experimental results from Table 3.9.

Ablation Study: Weight Assigner. The weight assignerg is the key component of
Stager . If we remove the weight assigner and directly set the weights assigned to recep-
tive elds as trainable parameters, our model will degenerate to GPRGNN [121]. Hence,
we study the performance comparison between GPRGNN [121] agdhger (without im-
balanced episodic training) for the 10-way 3-shot setup and present the accuracy on the
novel classes and all the classes in Table 3.10a. Notice that the data is re-organized from
Table 3.9 where Amazon-C and Amazon-E represent Amazon Clothing and Amazon Elec-
tronics datasets, respectively. Clearly, we observe that with the weight assigner, in most
cases, the accuracy on novel classes and all the classes gets boosted signi cantly.

Ablation Study: Rank Operator. We stated in the main content that the rank op-
erator is designed to extract uncertainty from the prediction vectors. Here, we study the
performance comparison betweeSBtager -l (without rank operator) and Stager -l (with
rank operator) for the 10-way 3-shot setup and present the accuracy on the novel classes and
all the classes in Table 3.10b where Amazon-C and Amazon-E represent Amazon Clothing
and Amazon Electronics datasets, respectively. Clearly, we observe that the rank operator,
in most cases, can signi cantly boost the accuracy on novel classes and all classes.

Ablation Study: Imbalanced Episodic Training. To study the e ectiveness of imbal-
anced episodic training, rst, we study the performance comparison betwe&tager (with-

out imbalanced episodic training) andStager -1 (with imbalanced episodic training) for the
10-way 3-shot setup. The accuracy on the novel classes and all the classes is presented in
Table 3.11a and this part of the data is re-organized from Table 3.9; then we implement
imbalanced episodic training on MetaGNN (notated as MetaGNN-I) for the 10-way 3-shot
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Table 3.10: Ablation study on the weight assigneg (a) and the rank operator (b) (mean std
accuracy (%)). The number in parentheses indicates the performance comparison with the
ablated variants in the left columns.

(a) Weight assignerg (b) Rank operator
Dataset _otager (without g) Stager (with g Dataset _Stager-| (without rank) Stager-1 (with rank)
Novel Al Novel All Novel  All Novel All
Amazon-C 58.015 62.513 61.8 12 (+3.8) 66.2 08 (+3.7) Amazon-C 57.811 61.7 07 64.6 07 (+6.8) 66.8 05 (+5.1)
Amazon-E  14.810 33.7 07 20.3 24 (+5.5) 44.7 15 (+11.0) Amazon-E  20.615 43.2 10 38.123(+17.5) 51.4 11(+8.2)
Aminer 16.1 17 28.2 11 21.6 06 (+5.5) 33.5 06 (+5.3) Aminer 23.6 09 35907 27.8 10 (+4.2) 33.9 07(-2.0)
Cora Full  28.112 50.7 o7 27.7 20 (-0.4) 52.0 07 (+1.3) Cora Full  34.8 09 49.108 40.0 14 (+5.2)  56.6 06 (+7.5)

Table 3.11: Ablation study on the imbalanced episodic training foiStager (a) and
MetaGNN (b) (mean std accuracy (%)). The number in parentheses indicates the per-
formance comparison with the ablated variants in the left columns.

(a) Imbalanced episodic training for Stager (b) Imbalanced episodic training for MetaGNN
Dataset Stager Stager-| Dataset MetaGNN MetaGNN-I

Novel  All Novel All Novel  All Novel All
Amazon-C 61.812 66.2 08 64.6 07 (+2.8) 66.8 o5 (+0.6) Amazon-C 53.602 59.2 02 56.403(+2.8) 61.9 04 (+2.7)
Amazon-E 20.324 44.7 15 38.123(+17.8) 51.4 11 (+6.7) Amazon-E 16.502 31.6 04 22.7 04 (+6.2) 42.5 06 (+10.9)
Aminer 216 06 33506 27.810(+6.2) 33.9 07(+0.4) Aminer 40.2 05 38.102 36.508(-3.7) 37.007(-1.1)
Cora Full  27.7 20 52.0 07 40.0 14 (+12.3) 56.6 06 (+4.6) Cora Full  34.103 50502 33.105(-1.0) 40.00s(-10.5)

setup to see the performance comparison on the novel classes and all the classes in Ta-
ble 3.11b. Amazon-C and Amazon-E represent Amazon Clothing and Amazon Electronics
datasets, respectively.

We observe that forStager -I, compared with Stager , in most cases, accuracy on the
novel classes and that on all the classes gets improved, which demonstrates the e ectiveness of
imbalanced episodic training. For MetaGNN-I we observe that the performance improvement
is not stable and may even hurt the performance dramatically. The key reason is that
existing few-shot node classi ers are designed for balanced scenarios, and are not able to
address the imbalanced distribution of shots between the base classes and the novel classes.
Hence, importing imbalanced shot distribution into the meta-training phase may even a ect
the learning of existing few-shot node classi ers. We also tried to implement imbalanced
episodic training on GPN [124] and G-META [127] but they su er from the out-of-memory
problem due to the great number of labeled base nodes so we do not report them here.

Hyperparameter Sensitivity Study. We conduct a hyperparameter sensitivity study on
two hyperparameters. The rstis the steps of propagatiom from Eq. (3.23c), which controls

the accuracy of the base, novel, and all classes on the Cora-full dataset. Second, we study the
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@p (b) hidden dimension
Figure 3.10: Sensitivity study of the propagation stepg (a) and the hidden dimension (b).

sensitivity of Stager 's performance (on the Cora-full dataset) with respect to the hidden
representation dimension. We search the hidden dimension fid6; 32, 48, 64; 80, 96g. From
Fig. 3.10, we observe that in general, the performance 8fager is stable regardingp, and
when p = 9, our model obtains the best performance. Also, the performance 8tager is
stable with respect to the model's hidden dimension.

E ciency Study. In this section, we study the e ciency of the proposed modebtager with
the imbalanced episodic training. We use the wall-clock time for updating the model in an
episode as the metric. Meta-learning-based methods (MetaGNN [125], GPN [124], and G-
META [127]) are selected as baseline methods. For the novel classes, they follow the 10-way
3-shot setting. All e ciency study results are from a single NVIDIA Tesla V100 SXM2-32GB
GPU on a server with 96 Intel(R) Xeon(R) Gold 6240R CPUs at 2.40GHz and 1.5 TB RAM.
Table 3.12 presents the detailed time comparison on four datasets. We have the following
observations. First, GPN [124] and G-META [127] are the fastest, which is expected. That
is because their core idea is prototype learning [131], so their algorithms are single-loop (as
opposed to a bilevel optimization problem). Second, our propos&lager is slower than
MetaGNN [125]. That is because our model structure (i.e., weight assigreet- multiple-step
classier f) is more complex than the model used by MetaGNN (i.e., SGC [22]). Third, in
general, the proposedstager can nish the imbalanced episodic training e ciently (e.g.,
about 30 minutes for 1000 episodes).

Case Study: Uncertainty vs. Propagation. In this case study, we design experiments

to answer two research questions: (1) whether there exists a general epistemic uncertainty
gap between the many-shot classes and few-shot classes (beyond novel vs. base classes)? (2)
How to selectg; (i.e., the preliminary classi er for weight assigneig)?
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Table 3.12: E ciency comparison (second/episode) with the baseline methods.

MetaGNN GPN G-Meta Stager-I

Dataset
Amazon-C 0.46 0.39 0.42 1.33
Amazon-E 0.64 0.31 0.36 2.21

Aminer 0.58 0.31 0.40 2.26

Cora Full 0.30 0.24 0.30 0.90

Figure 3.11: Uncertainty comparison between classi ers with di erent propagation steps.
For "Max' and "Gap', the smaller the more uncertain. For "Entropy', the larger the more

uncertain. Our goal is to selecp wherej j is the largest.

() MLRX) (b) MLRAX ) (c) MLRAAX )

Figure 3.12: Visualization of predictions based on attributes from di erent propagation.
Green points and orange points are predictions of novel classes and base classes respectively.

Best viewed in color.

We use the following three metrics to measure the uncertainty in prediction vectar (1)

Max: the largest entry of z; (2) Gap: the gap between the largest entry and the second

largest entry of z; (3) Entropy: i Z[i]log(z[i]). To clearly illustrate the in uence of
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propagation on the prediction uncertainty, we select three direct models: (NILPX), (2)
MLPAX ), (3) MLIPAAX ), where X is the node feature matrix andA is symmetrically
normalized adjacency matrix. Thesoftmax is applied to normalize the predictions. To
measure the epistemic uncertainty, we adopt the dropout variational inference [144, 146] as
introduced in Section 3.2.3.

Our experiment design is as follows. First, 50 nodes are randomly selected from every
class as test nodes. Second, half of the classes are randomly selected as the novel classes and
the remaining classes are the base classes. The training nodes are composed of 1 node per
novel class and 50 nodes per base class. Third, the aforementioned three models are trained
on the training nodes, and their prediction uncertainty on test nodes is evaluated by the
three metrics (i.e., Max, Gap, Entropy) with the dropout variational inference. We repeat
the above steps in 10 runs to report the average uncertainties on novel and base classes
respectively. Notice that in every run,the base/novel split is di erent

The experimental results are shown in Fig. 3.11 where x-axis represents modéldpX ),
MLPAX ), and MLIPA AX ) respectively (i.e., the propagation step ip=0, p=1and p=2
respectively). ] j denotes the average uncertainty gap between base and novel classes. We
have the following observations. First, generally, the uncertainty on the novel classes is much
higher than that on the base classes. The above nding directly motivates our model design
to set the uncertainty-related module (i.e., ; in the weight assignerg) as a meta-learner
and learn high-level knowledge (i.e., knowledge can be extracted from the broad base classes
by constructing imbalanced episodes) to empower the shot-aware node classiStager .
Second, with the increment of propagation steps, the classier (i.eMLP is less uncertain
on both the novel and base classes. Importantly, the uncertainty ggp j is also reduced.
Therefore, to let the weight assigneg be sensitive about the di erence of shots (re ected
by the uncertainty) between the base and novel classes, we ggetas MLIPX) to retain the
uncertainty gap as large as possible.

We also provide the visualization of prediction vectors for the base and novel classes in
Fig. 3.12. Remark that the prediction vectors are collected from 10 runs and in every run,
the base/novel split is di erent. Naturally, if the model's uncertainty gap between the base
and novel classes is larger, the prediction vectors of the base and novel nodes should be
more di erentiable. Clearly, the visualization results align well with our conclusion from the
above case study.
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CHAPTER 4: GRAPH AUGMENTATION

4.1 NODE CLASSIFICATION BEYOND HOMOPHILY: TOWARDS A GENERAL
SOLUTION

4.1.1 Introduction

Graph neural networks (GNNs) have demonstrated great power as building blocks for a
variety of graph learning tasks, such as node classi cation [20, 159], graph classi cation [160],
link prediction [161, 162], clustering [163], and many more. Most of the existing GNNs follow
the homophily assumption, i.e., edges tend to connect nodes with the same labels and similar
node features. Such an assumption holds for networks such as citation networks [137, 164]
where a paper tends to cite related literature. However, in many other cases, tieterophilic
settings arise. For instance, to form a protein structure, di erent types of amino acids are
more likely to be linked together [32]. On such heterophilic networks, the performance of
classic GNN models [21, 23, 165] could degrade signi cantly and might be even worse than
a multilayer perceptron (MLP) which does not utilize any topology information at all [32].

In response, researchers have analyzed the limitations of existing GNNSs in the presence of
node heterophily and proposed speci ¢ models to address this issue from both spatial and
spectral perspectives. For instance, an important design by H2GCN [32] is that high-order
neighbors should be considered during message aggregation. GPRGNN [166] also aggregates
messages from multi-hop neighbors but it emphasizes that messages can also be negative via
a set of learnable aggregation weights. From the spectral perspective, FAGCN [167] points
out that low-pass Iter-based GNNs smooth the node representations between connected
nodes, which is not desirable for the heterophilic settings where connected nodes are more
likely to have dierent labels. Hence, FAGCN [167] adaptively mixes the low-pass graph
Iter with the high-pass graph lIter via an attention mechanism to tackle this problem.

Despite the theoretical insights and empirical performance gains, most existing works focus
on the model level, i.e., they aim to propose better GNN models to handle the heterophilic
graphs. In other words, the success of their methods relies on specic designs of GNN
models. In this paper, we take a step further and askiow to develop a generic method to
bene t a broad range of GNNSs for node classi cation beyond homophily, even if they are not
tailored initially for the heterophilic graphs? To this end, we address this problem from a
structure learning [168] perspective, that is, we optimize the given graph structure to bene t
downstream tasks (e.g., node classi cation). Unlike existing approaches that re ne specic
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GNN models, our approach focuses on the data level by optimizing the graph topology to
address heterophily.

Challenges. In pursuing a data-centric general solution, the following are the key chal-
lenges. First fmodel diversity), our goal is to enhance the capabilities of a broad range of
established GNNs, enabling them to handle graphs with arbitrary homophily. However, the
aggregation mechanism and graph convolution kernels di er between various GNN models.
It is unknown how to accommodate diverse GNNs seamlessly. Secotitegretical founda-
tion), analyses on the success of some speci ¢ GNNs for heterophilic graphs have recently
emerged (e.g., from the graph signal processing perspective [169]). However, few works focus
on the theoretical foundation of structure learning and its connection to dealing with graphs
with low homophily.

4.1.2 Preliminaries

Notations.  We use bold uppercase letters for matrices (e.@d), bold lowercase letters
for column vectors (e.g.u), lowercase and uppercase letters in regular font for scalars (e.g.,
d, K), and calligraphic letters for sets (e.g.,T). We useA[i;j ] to represent the entry of
matrix A at the i-th row and the j -th column, ATi; :] to represent thei-th row of matrix A,
and A[:;j] to represent thej -th column of matrix A. Similarly, u[i] denotes thei-th entry
of vector u. Superscript> denotes the transpose of matrices and vectors. denotes the
Hadamard product.

An attributed graph can be represented a& = f A ; X g which is composed of an adjacency
matrix A 2 R" " and an attribute matrix X 2 R" 9, wheren is the number of nodes andl
is the node feature dimension. In total, nodes can be categorized into a set of clagse3he
normalized Laplacian matrix isC =1 D :AD z whereD is the diagonal degree matrix
of A. It can be decomposed aE = UU ~ whereU 2 R" " is the eigenvector matrix and

2 R" " is the diagonal eigenvalue matrix. In graph signal processing [169], the diagonal
entry of  represents frequency and [i;i] = ;. Given a signalx 2 R", its graph Fourier
transform [169] is represented a& = Ux, and its inverse graph Fourier transform is de ned
asx = U”R. For a diusion matrix C 2 R" ", its frequency response (or pro le [170]) is
dened as j, = diag(U”CU) wherediag () returns the diagonal entries. This frequency
response is also known as the lter and the convolution kernel.
Semi-supervised Node Classi cation. In this paper, we study semi-supervised node
classi cation [20, 164] where the graph topologg, all node featuresX, and a part of node
labels are given and our goal is to predict the labels of unlabelled nodes. Numerous works [20,
21, 23] achieve impressive performance on this problem. However, recent studies show that

47



(a) A given lter (b) Re ection (c) Re ection + o set

Figure 4.1: The lllustration of obtaining a Iter with complementary Iter characteristics.
Given a lter (a), its re ected frequency response (b) with o set (c) has complementary
Iter characteristics.

their successes heavily rely upon the homophily assumption of the given graphs [32, 171]. In
general, homophily describes to what extent edges tend to link nodes with the same labels
and similar features. Following previous works [32, 172], this paper focuses on the node
label homophily. There are varigus homophily metrics and we introduce one of them named
edge homophily [32] ash(G) = AﬂiiflA“‘[ym“}:y”]K 2 [0; 1], where JxK= 1 if x is true and O
otherwise. The more homophilic a given graph is, the closer ikgG) is to 1.

4.1.3 Proposed Methods

In this section, we rst propose a exible method namedALT -global, which empowers a
wide range of GNNs withadaptive lter characteristics. Next, we carefully analyze the ex-
pressiveness oALT -global from the graph signal processing perspective [169]. This analysis
guides the design of another more advanced method nam&dT -local, which enhances the
spectral expressiveness of a broad range of GNNs to be local adaptive Itersrbgdulating
the input graph signals.

ALT-global: A Global Adaptive Method. Intuitively, nodes with di erent labels
should be located as far as possible in the embedding space, and nodes with the same
labels should be assigned closely. This intuition is aligned well with the utility of many clas-

sic GNNs (e.g., GCN [20]) on homophilic graphs. That is because, on homophilic graphs,
many same-label nodes are connected, whose embeddings will be smoothed by those classic
low-pass Iter GNNs [167, 170]. In contrast, the performance of low-pass Iter GNNs on
heterophilic graphs degrades signi cantly, as the embeddings of connected nodes should not
be smoothed. Many e orts [166, 167, 173] highlight that a key approach for handling graphs
with unknown homophily is to equip GNNs with an adaptive lter.
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We aim to propose a data-centric solution such that minimal modi cation on the given
GNNs (e.g., a low-pass Iter GNN) is needed. As we do not make any assumption about the
Iter characteristic of the given GNN, its Iter can be either low-pass, high-pass, band-pass,
or others. To equip the given GNN with an adaptive lter, our core idea is toadaptively
combine signals from two lters with the complementary Iter characteristicsFor example,
if a low-pass Iter GNN is given, it should be adaptively combined with another high-pass
Iter. To nd such a complementary Iter, a two-step modi cation of the frequency response
is needed. Figure 4.1 shows that we can rgk ect the frequency response curve over the
frequency axisand then set an appropriate o set to the re ected frequency respons&uided
by this idea, the mathematical details of the proposedLT -global are as follows,

Hi:= GNXwWA;X; 1); (4.1a)
H,=GNN1 w)A;X; 2); (4.1b)
Hofset = MLRX 3); (4.1c)
Z =softmax (H; H+ Hogset ); (4.1d)

where ; and , are the parameters of thdoackbone dual GNNs (i.e., GNNs from Eq. 4.1a
and Eq. 4.1b), 3 is the parameter of a multi-layer perceptron (MLP), 2 Randw 2 [0; 1] are
learnable parameters, an& 2 R" € is the prediction matrix. Here the softmax is applied
row-wise. For models using the normalized adjacency matrix (e.g§ = (D + I) %(A +
(D + 1) %) as the di usion matrix (e.g., GCN [20]), the re-weighting can be set over the
normalized adjacency matrix (i.e.wA and (1 w)A).

We elaborate more on the design oALT -global. First, all the insights we obtained
from Figure 4.1 apply to the convolution kernel directly. Nonetheless, since our method
works in a plug-and-play fashion that does not modify the backbone GNNs, it uses a well-
designed aggregation (i.e., Eq. 4.1d) to achieve an equivalent e ect. Speci cally, (#), is
the signals from a backbone GNN with positive re-scaling; (2) H, is the negative signals
that correspond to the signals from a re ected lter; (3) Hosset IS the 0 set term, which is
equivalent to signals from an all-pass Iter. Second, the adaptive mixture of the above three
sets of graph signals is controlled by the learnable parametessand . Other aggregation
functions are also applicable. One of the options is an MLP whose input is the concatenation
of Hy, Hy, and Hogset . HOwever, it is not used in this paper because (1) it increases the
analysis di culties dramatically and (2) empirically, no performance advantage is observed in
the ablation study (Section 4.1.4). Analysis in the following section shows th&LT -global
bears strong exibility in Iter characteristics.
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Analysis of ALT-global. For brevity, in the analysis, we assume that the backbone GNNs
are graph-augmented MLPs (GA-MLPs) as de ned below. This is because many GNNs fall
into the GA-MLP family if part of the nonlinear functions is removed; also, GA-MLPs have
shown strong empirical performance while enjoying provable expressiveness [174].

De nition 4.1. Graph-Augmented Multi-Layer Perceptron (GA-MLP) [174] is a
family of GNNs that rst conduct feature transformation via an MLP and then di use the
features. Mathematically they compute node embeddings &= C MLPX) whereC is the
di usion matrix.

The (full) frequency pro le [170] is used for analysis as follows.

De nition 4.2. Frequency pro le [170] is de ned as
n = diag(U”CU) where diag () returns the diagonal entries ifU”CU is a diagonal
matrix. In caseU” CU is not a diagonal matrix, full frequency prole  [170] is de ned as
= U”CU.

It is well-known that the frequency pro le of a di usion matrix (if diagonal) is a Iter/-
convolution kernel for the input graph signal. Next, we show thaALT is indeed equipped
with an adaptive lter.

Lemma 4.1. The lIter characteristic of the proposed ALT -global (Eq. 4.1d) is adaptive
regardless of the frequency lItering functionality of the backbone GNNs (Eq. 4.1a and
Eq. 4.1b).

Proof. For analysis convenience, we assume (1) the learnable weighis multiplied with the

di usion matrix C, and (2) the backbone GNNs are GA-MLPs whose MLP modules (from
Eg. 4.1a and Eq. 4.1b) share common parameters with the o set MLP (from Eg. 4.1c).
We start from the case where backbone GNNs are xed low-pass Iters. Without loss of
generality, their corresponding full frequency pro les can be presented as = | ()
where is a monotonically increasing function. Then, in this case, the di usion matrices
from two GNNs are re-weighted asvC and (1 w)C respectively. Considering the o set
MLP as a special GA-MLP whose di usion matrix isl, the aggregated graph signals are
wC MLRX) (1 w)C MLPX)+ | MLPX)= C MLIPX) where the aggregated di usion
matrix is C = wC (1 w)C + 1. Hence, the diagonal entry of the corresponding full
frequency pro le is

[il=C d=Cw D@ ()N+ : (4.2)

Whenw > 0:5,i.e.,2v. 1> 0, ( ;) is a monotonically decreasing function. The proposed
method is a low-pass Iter when > 0. Similarly, it is a high-pass Iter when w is close
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to 0 and > 1. The above conditions are su cient, and in fact, there are many other
combinations ofw and which lead to low-pass/high-pass Iters. Similar results can be
obtained when the backbone GNNs are xed high-pass Iters, and we omit that part for
brevity. QED.

Remarks. The Iter characteristics of the ALT -global can also be interpreted from the
Graph Di usion Equation (GDE) [175] perspective, and we provide the GDE-related analysis
in the following content.

Global Filters vs. Local Filters. ALT -global is proved to be equipped with adaptive
Iter characteristics. However, ALT -global fundamentally applies a global Iter to every
node, which could lead to suboptimal performance. Recent studies [176, 177] reveal that
heterophilic connection patterns di er between di erent nodes. Take gender classi cation
on a dating network as an example. While node pairs are often of di erent labels (i.e.,
genders), homosexuality also exists between some node pairs. Therefore, simply applying a
global low-pass or high-pass Iter over all the nodes can degrade the overall classi cation
performance.

Next, we study how to generalize our proposeflLT -global to a local (i.e., node-speci c)
and adaptive Iter. Before that, let us take a closer look at the full frequency pro le [170]:

= U~ CU. In the following proposition, we point out that can describe both the Iter
and modulator characteristics of a given di usion matrixC.

Proposition 4.1. The diagonal entries of the full frequency pro le of the di usion matrix
serve as thelter and the non-zero o -diagonal entries are thérequency modulator

Proof. The di usion of the input graph signal X;, = MLPX) can be represented a€X j, =
UU ~Xin = U( ﬁm), where X, is the input graph signal in spectral domain. From the
perspective of graph signal processing [169], i )[i :] represents the amplitude of output
graph signal whose frequency is;. We further expand the computation and obtain

X
( R)li]= 5] Xinlis J: (4.3)
j

In the summation, the diagonal terms of represent the lIter/convolution kernel which has

been adopted by many spectral GNNs [170]. If non-zero o -diagonal entries of exist, it

shows that the j-component of the output graph signal is merged with scaled (by/[i;j ])
j-component of the input graph signal which is essentially the modulation [169]. QED.
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Based on the above property of the full frequency prole , the following proposition
points out the key design for local Iter characteristics.

Proposition 4.2. Modulation of the input graph signal (i.e.,non-zero o -diagonal en-
tries of ) is necessary fotocal lters.

Proof. We follow the terminology used in the proof of Proposition 4.1. If the full frequency
prole only contains non-zero diagonal entries, we can obtain

( Rin)li; 1= (diag( ))>  Rinlis ; (4.4)

wherediag extracts the diagonal entries into a vector from the input square matrix. Hence,
if we de ne the scaling of the ;-frequency signal over node after and before the operator
asSCALING p; )= (;&% from Eq. (4.4) we have

8i;p;q; SCALING p; )= SCALINGq; ) (4.5)

i.e., for any speci c frequency (e.g., i), its scaling over any two nodesy and q) are equal.
In other words, the Iter  works globally over every node. If we expect the Iter to not
work globally, i.e.

9i;p;q; SCALING p; )6 SCALING q; ): (4.6)

The above inequality is equivalent to

P P
asi K] Xinlkipl xei K] Rin kil
Rini:p] Zalial

Assume that8k, if k 6 i, [i;k] =0, and then the left-hand side is equal to the right-hand
side which leads to a contradiction. Hence, non-zero o -diagonal entries of the full frequency
pro le must exist if we expect the Iter to not work globally. Notice that the above
de nition of scaling (e.g., W) is not fully aligned with the classic graph Itering [169]

in [i;p]
but a combination of Itering and modulation as we mentioned in Proposition 4.1. QED.

(4.7)

Next, we present a family of GA-MLPs whose spectral expressiveness is limited to a global
Iter.

Proposition 4.3. A family of GA-MLPs are global lters if their full frequency pro les are
in the form of C = |, axA* + bl which only contains non-zero diagonal entries.

Proof. Sincef Akgand| share the same eigenvectors, the di usion matrix can be decomposed
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as !
X X

k
C= aA+b=U a |~ +H U™ (4.8)
k k
. P k . .
Hence, the frequency proleis = ,a | ~ + b whose o-diagonal entries are
zero. QED.

A wide range of GA-MLPs (e.g., SGC [22], APPNP [23]) follow the above form and
therefore cannot modulate graph signal. Unfortunately, even when they are equipped with
our proposedALT -global, they are still global Iters because ALT -global assigns the same
weight to every edge (i.e.wA and (1 w)A).

ALT-local: A Local Adaptive Method. In this subsection, we propose a more exible
method based onALT -global. Our goal is to empower the backbone GNNs with local
adaptive signal ltering capabilities, which is an essential property for capturing complex
heterophilic connection patterns [176, 177]. According to Proposition 4.3, we know that if
all the edges are assigned with the same weight (e.@&) the corresponding full frequency

pro le will only contain diagonal non-zero entries. Lemma 4.2 provides a critical clue on
how to bring non-zero o -diagonal entries in full frequency pro les.

Lemma 4.2. By re-weighting the edge weights non-uniformly (i.e., if re-weighting bW
A; 9ij;k;l; WTi;j 16 W [k;1]), the o -diagonal entries of can be non-zero.

Proof. We follow the assumption mentioned in the proof of Lemma 4.1. The di usion matrix
C can be decomposed & = UU ~. For the full frequency prole , its o -diagonal entry

[;j1= " UILIIC[Ek]JU[k;j]1=0;8i & j. If we re-weight the di usion matrix by W C
such that Wl;k] = wyx and WTi;j] = w6 wy;8i 6 | and j 6 k. In other words, we start
from the most basic case where only one eddek() (CJl; k] 6 0) is re-weighted by wy, and
all the remaining edges are re-weighted ag. Given the zero o -diagonal entries of we
have

Uus(w C)uU [iij]
Uus(w CU [l w [i;j] (4.9)
ULTICHEKIU Tk J(wie - w):

re-weighted [i; J ]

It is common to nd i andj (j 6 i) such that U[l;i]JU[k;j] 6 O, and thus we have
re-weighted [1;] ] 6 O as long aswy 6 w. Therefore, we proved that if the edge weights

are re-weighted non-uniformly, the o -diagonal entries of can be non-zero, i.e., the GNN

can be a local lter. QED.
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Figure 4.2: The proposedALT -local.

Guided by Lemma 4.2 we modifyALT -global as follows so that the edge weights are
di erent:

Hi= GNW A;X; 1); (4.10a)
Ho= GNN1 W) A:X; o); (4.10b)
Hoftset = MLRX; 3); (4.10c)
Z = softmax (Hy Hz+ Hofset ); (4.10d)

One option is to setW as a learnable parameter which is prune to over tting as the number
of parameters is equal to the number of edges. Therefore, we parameterize the edge weight
W by an edge augmenter as follows,

H
W isj ]

GNNg (A; X 1), (4.11a)
w; = sigmoid (MLRH[i; :ijH[; :I; 2)) (4.11b)

where ; and , are the parameters of the augmenter GNN and a multi-layer perceptron
(MLP) respectively. Here we rst obtain the node embedding matrix via the augmenter GNN
(i.e., GNRg) in Eqg. 4.11a. Then we concatenate node embeddings into edge embeddings
(i.e., H[i; :JjjH[; ). The edge weight (i.e.,w; ) is computed via an MLP with sigmoid
activation. Naturally, the node embeddings from the augmenter GNN (Eqg. 4.11a) should
be as discriminative as possible so that the edge importance can be better measured. Thus,
we use a two-layer high-pass Iter GNN as th&NNgy whose mathematical formulation is as
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follows,

GNNg(A; X; 1) = Afgn MLRX; 1); (4.12a)

Awgn = | D 2AD 7; (4.12b)

where is a scaling hyperparameter to adjust the amplitude of the high-pass Iter. We name
the above model (i.e., Eqs.4.10a-4.12b) @&d.T -local , which is summarized in Figure 4.2.

Remarks. Our method is partly inspired by FAGCN [167]. We clarify the uniqueness and
advantages of our work in comparison to FAGCN as follows. From a methodological per-
spective, FAGCN explicitly combines high-frequency and low-frequency signal&LT gen-
eralizes this idea to the "mixture of complementary lters'; thus, even though the backbone
GNN's convolution kernel is unknown,ALT can still boost its performance decently, which
provides great generality. For the theoretical analysis, [167] analyzes the spatial e ects of
signals with di erent frequencies. Our analysis takes a solid step forward to reveal the in-
trinsic connections between (i) the full frequency pro le, (ii) graph signal modulation, and
(ii) local adaptive lters.

Training Objective. The optimization objective of ALT is as follows.
; =argmin Lga (9(G ); 5 Y) (4.13)

where the augmenter is denoted ag ) whose parameter is and the dual backbone GNNs
are parameterized as for brevity. Speci cally, for the ALT -global, = f ;; ,; 3g and

= w are from Eq.4.1a, Eg.4.1b, and Eq.4.1c. FOALT -local, = f ;; ,; 3@ is from
Eqg. 4.10a, 4.10b, and Eq. 4.10c; = f ; »gis from Eq. 4.11a and 4.11b.L o, iSs cross-
entropy loss between the classi cation results (Eqg. 4.1d foALT -global and Eq. 4.10d for
ALT -local) and the labeled nodes.

If all the feature dimensions of di erent layers (including the input layers) from di erent
backbone GNNs and MLPs are denoted akand all the models (GNNs and MLPSs) contain
2 feature transformation matrices, the number of trainable parameters &LT -local is com-
posed of three parts: (1)GNNg (2d%), (2) MLP from Eq. 4.11b (2d°+ d), (3) GNN GNN and
o set MLP (3 d? + 3dc) wherec is the number of classes. In practice, the parameter number
is much smaller than the estimated number. For example, for datasets whode> 500,
empirically, setting the hidden dimension as 32 is enough. However, compared with vanilla
backbone GNNs (e.g., a simple GCN [20]JALT -local inevitably contains more parameters
asALT -local is composed of 3 GNNs and 2 MLPs in total. Even fakLT -global, it is still
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Table 4.1: Performance comparison (mearstd accuracy) on heterophilic graphs. The last
column indicates the average performance boost for a speci ¢ backbone GNN for all the
datasets.

Backbone ALT? \Chameleon Squirrel  Texas  Wisconsin Cornell Film  Cornell5 Penn94 \Avg.

GCN No 58.4 1.1 35406 57635 51216 55916 28103 72101 74703 +12.4
Yes 65.8 0.9 52408 70943 76439 73951 35512 77501 80104 ’

sGe No 58.4 0.6 37104 58619 48318 57034 27301 72604 75004 +11.9
Yes 65.6 2.0 53206 71528 72816 72190 34908 79.003 80201 '

APPNP No 48.0 1.2 33804 59511 48820 56314 28703 70605 73404 +15.1
Yes 654 1.1 53209 71229 76627 78434 34003 79701 81704 '

GPRGNN No 59.2 25 38408 69110 72416 69625 32111 74313 78703 +71
Yes 66.7 0.9 53.01.0 75424 79705 70615 32810 80.208 82304 ’

FAGCN No 543 1.9 32514 61513 56652 66.017 33807 69.102 7280.3 +11.1
Yes 64.5 1.0 528 1.4 69407 76457 75168 35705 79901 81904 '

H2GCN No 499 1.4 31508 67621 70421 69433 34503 69504 73501 +8.1
Yes 61.5 0.7 516 05 76.04.7 77744 78434 35703 71402 787038 '

composed of 2 GNNs and 1 MLP. Hence, the increased number of parameters is a potential
limitation of ALT -local and ALT -global.

4.1.4 Experiments

Datasets. 16 datasets are used including Cora [164], Citeseer [164], Pubmed [164],
DBLP [137], Computers [178], Photos [178], CS [178], Physics [178], Cornell [172], Texas [172],
Wisconsin [172], Chameleon [179], Squirrel [179], Film [172], Cornell5 [180], and Penn94 [180].
We obtain all the datasets from pytorch-geometrig which are publicly available. In the
e ectiveness study, in order to compare with the state-of-the-art methods, we adopt the
dataset split 48/32/20% (training/validation/test) from a recent work ACM-GCN [181]. In
the other subsections, to fully test the applicability of ALT, we use the following challeng-
ing dataset split: (1) we follow the given dataset split for Cora (8.5/30.5/61.0%), Cite-
seer (7.4/30.9/61.7%), and Pubmed (3.8/32.1/64.1%); (2) for the remaining datasets, we
randomly split them into 20/20/60% (training/validation/test). Detailed statistics of the
datasets are presented in Table 4.2 and Table 4.3.

Accuracy (ACC) is adopted as the metric. We report the average accuracy with the
standard deviation in 10 runs. The code is available

Applicability of ALT. As the primary goal of this paper is to propose a general solu-
tion for handling graphs with arbitrary homophily, this section examines the applicability

Ihttps://pytorch-geometric.readthedocs.io/en/latest/modules/datasets.html
Zhttps://github.com/pricexu/ALT
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Table 4.2: Dataset statistics of heterophilic graphs.

Dataset Chameleon Squirrel Texas Wisconsin Cornell Film Cornell5 Penn94

# Nodes 2,277 5,201 183 251 183 7,600 18,660 41,554
# Edges 62,792 396,846 325 515 298 30,019 1,581,554 2,724,458
# Features 2,325 2,089 1,703 1,703 1,703 932 4,735 4,814
# Classes 5 5 5 5 5 5 2 2
h(G) 0.231 0.222 0.108 0.196 0.305 0.219 0.479 0.470

Table 4.3: Dataset Statistics of homophilic graphs.

Dataset Cora Citeseer Pubmed DBLP Computers Photos CS Physics

# Nodes 2,708 3,327 19,717 17,716 13,752 7,650 18,333 34,493
# Edges 10,556 9,104 88,648 105,734 491,722 238,162 163,788 495,924
# Features 1,433 3,703 500 1,639 767 745 6,805 8,415
# Classes 7 6 3 4 10 8 15 5
h(G) 0.810 0.736 0.802 0.828 0.777 0.827 0.808 0.931

of the proposed approach, ALT. Speci cally, we select 6 representative backbone node clas-
si ers including 3 classic GNNs: GCN [20], SGC [22], and APPNP [23], and 3 adaptive
GNNs: GPRGNN [166], FAGCN [167], and H2GCN [32] which use speci c designs to tackle
graphs with low homophily. We aim to compare the performance improvement of the above
backbone classi ers after being equipped with ALT. ASALT -local is more powerful than
ALT -global, we mainly show the performance improvement after being equipped WalLT -
local (short asALT ). The comparison betweeALT -local andALT -global will be presented

in the ablation study below.

We present the performance comparison on heterophilic graphs in Table 4.1 and have the
following observations. First, on the heterophilic graphs, in general, our metho&LT can
signi cantly improve the performance of most of the existing GNNs, especially for methods
originally not designed for the heterophilic graphs (e.g., GCN, SGC, and APPNP), whose
performance, on average, is improved by over 10%. Second, over the heterophilic graphs,
the performance improvement of adaptive GNNs (e.g., GPRGNN, FAGCN, and H2GCN) is
not as signi cant as that of low-pass Iter GNNs. This is expected, as these methods have
already addressed heterophily to some extent. Nonetheless, we still gain 7-11% performance
improvements averaged over all 8 heterophilic datasets.

The performance comparison on homophilic graphs is presented in Table 4.4. We test 48
graph-GNN combinations, out of which, 29 cases show accuracy improvementf:5%. It is
worth noting that even though GCN, SGC, and APPNP are designed mainly for homophilic
graphs, the proposedALT is still able to boost their performance on Computers by nearly
18% signi cantly. Moreover, for each backbone GNN, the average gain of applying the
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(a) Chameleon (b) Film (c) Cora (d) Citeseer

Figure 4.3: Training losses of APPNP (with/without ALT).

Table 4.4: Performance comparison (mearstd accuracy (%)) on homophilic graphs. The
last column indicates the average performance boosting for a speci ¢ backbone GNN over
all the datasets.

Backbone ALT? \ Cora  Citeseer Pubmed DBLP Computers Photos CSs Physics \Avg.

GCN No |81103 71207 79.004 83.70.1 66.2 1.0 84105 88202 9530.1 +3.4
Yes | 812 05 71404 79109 83704 84101 88906 92304 956 0.9 '

sGC No |808 01 71002 79505 83.80.0 69.1 04 86.204 89.70.1 9530.0 +26
Yes |80.7 04 71206 79507 83700 84004 88814 92503 96.00.0 '

APPNP No |821 0.1 71801 79.805 8380.2 66.7 1.1 83412 8780.1 949 0.0 +4.0
Yes |[82.7 0.3 72103 79.30.2 84.60.1 84.6 0.4 88.703 93.80.1 964 0.1 '

GPRGNN No |786 15 68909 77609 84402 85005 924 0.2 92301 95504 +16
Yes [83.0 04 71.004 80.30.2 85102 8580.2 929 0.2 934 0.2 96.20.1 '

FAGCN No |79.0 06 72105 78011 81111 748 34 91203 93.01.4 95703 +1.8
Yes [ 79.0 05 71705 78312 82503 86.00.8 91504 93611 96.30.2 '

H2GCN No |789 06 70310 78210 8240.0 758 0.3 89.70.2 92502 96.20.1 +2.0
Yes | 79.0 04 70908 78.013 82004 87.003 92.0 0.6 94.10.2 96.6 0.1 '

Table 4.5: Performance comparison (mearstd accuracy (%)) with the state-of-the-art meth-
ods. The best and the second best are bold and underlined, respectively. Results marked
\*" are reported from [181] with the same dataset spilit.

Dataset ‘ *ACM-GCN BernNet *LINKX *ACMII-GCN++ *GloGNN++ ‘ ALT ALT+
Cornell 85.1 6.1 81.184 778538 86.5 6.7 86.0 5.1 86.8 4.3 904 45
Wisconsin 88.4 3.2 87346 75557 88.4 3.7 88.0 3.2 889 25 88.6 3.3
Texas 87.8 4.4 82.6 49 74684 88.4 3.4 84.1 4.9 88.7 3.3 895 2.2
Film 36.6 0.8 34215 36116 37113 37.7 14 37.6 0.7 373 1.2
Chameleon 69.1 1.9 45419 68414 74.8 2.2 712 1.8 66.7 20 77.0 1.9
Squirrel 552 15 33114 61818 67.4 2.2 579 1.8 543 1.2 694 15
Cora 87.9 1.0 87.6 0.6 84611 88.3 1.0 88.3 1.1 88.1 0.5 89.6 1.3
Citeseer 773 1.7 76.1 03 73210 77.1 1.6 772 1.8 776 1.5 799 1.2
PubMed 90.0 0.5 86.2 0.3 8790.8 89.7 0.5 89.2 0.4 89.9 0.6 90.3 0.5

proposedALT over all 8 homophilic graphs is always positive. Thus, we conclude that.T

can retain or even boost the performance of given backbone GNNs on homophilic graphs.
As we mentioned in Section 4.1.3, the model equipped with ALT will have more model

parameters compared with a vanilla backbone GNN classi er. Thus, we further study the
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Table 4.6: Ablation study with di erent backbone models.

(a) Backbone model: GCN

Backbone Version Chameleon Squirrel Film Computers  Photos CSs
None 58.4 1.1 354 0.6 28.10.3 66.2 1.0 84.1 05 88.20.2
Global 61.3 1.0 441 0.3 30.6 0.1 72.7 0.8 85.21.4 89.90.3
GCN Local-low 63.3 0.8 488 1.2 3250.2 81.1 0.3 86.50.9 91.00.2
Local-concat 47.12.6 31314 34411 76.4 5.8 85.337 87112
Local 658 09 524 08 355 12 841 01 889 06 923 04

(b) Backbone model: SGC

Backbone Version Chameleon Squirrel Film Computers  Photos CSs
None 58.4 0.6 37.1 04 2730.1 69.1 0.4 86.2 0.4 89.7 0.1
Global 59.7 0.8 416 0.2 31405 716 0.4 86.6 0.7 91.10.2
SGC Local-low 61.6 2.3 446 0.3 33.30.2 79.3 0.6 87.406 9150.1
Local-concat  44.05.9 36.4 17 34019 79.6 2.1 88.1 3.0 90.2 0.7
Local 65.6 20 532 0.6 349 08 840 04 888 14 925 0.3

(c) Backbone model: APPNP

Backbone Version Chameleon Squirrel Film Computers  Photos CSs
None 48.0 1.2 33.804 28.70.3 66.7 1.1 83412 87.80.1
Global 50.8 0.4 36.1 0.7 31.7 0.2 715 0.8 85.3 0.9 90904

APPNP Local-low 58.8 1.1 48.2 0.8 33.21.0 80.1 0.9 87.00.6 92.7 0.2
Local-concat 51.90.7 40.0 1.0 33.6 0.7 755 2.3 81825 89904
Local 65.4 1.1 532 09 340 0.3 846 04 88.7 03 938 0.1

training stability of a backbone classi er when working with ALT. To be speci ¢, we select 2
homophilic datasets Cora and Citeseer, and 2 heterophilic datasets Chameleon and Film. We
select the backbone classi er as APPNP. The training loss (negative log-likelihood loss) with
respect to the number of epochs is reported in Figure 4.3a-4.3d from which we clearly observe
that (1) the APPNP's training stability is not signi cantly a ected after equipping ALT,

(2) ALT-APPNP can t the homophilic graphs as good as vanilla APPNP and, importantly,

it can t the heterophilic graphs much better (with lower training loss) than the vanilla
APPNP. Observation (2) aligns well with our performance comparison reported in Table 4.1
and Table 4.4.

E ectiveness of ALT. In this section, we show that our proposed approach, ALT, can
also be a strong competitor against state-of-the-art methods. We select APPNP [23] as
our backbone method, which is not designed for graphs with high heterophily. Recent ef-
forts to handle graphs with arbitrary heterophily are selected, which include LINKX [180],
BernNet [182], ACM-GCN [181] and GIoGNN [183]. For a fair comparison, we adopt the
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(@) GCN (b) GPRGNN

Figure 4.4: Hyperparameter sensitivity ofALT  with backbone GNN as (a) GCN and (b)
GPRGNN.

same dataset split as the recent work ACM-GCN [181]. The performance comparison is in
Table 4.5. We observe that ALT-APPNP exhibits comparable performance to state-of-the-
art methods on most datasets (except Chameleon and Squirrel). We notice that methods
LINKX, ACM-GCN++, and GIoGNN++ all use a technique to encode the adjacency matrix

by an MLP (i.e., MLIPA)) as a supplement to node embeddings. Since this technique is inde-
pendent of the model design, once it is applied to our framework, the model ALT-APPNP+
achieves very strong performance on the Chameleon and Squirrel datasets. In conclusion,
our proposed ALT can be comparable to, or stronger than, state-of-the-art methods, even
when working with a xed- Iter backbone GNN, such as APPNP.

Ablation Study. We present an ablation study on datasets: Chameleon [179], Squir-
rel [179], Film [172], Computers [178], Photos [178], and CS [178]. Speci cally, we have
the following ablated versions: (1)ALT -local, (2) ALT -local with a low-pass lter aug-
menter (i.e., change Eq.4.12b as a two-layer SGC) which is named A&IST -local-low, (3)
ALT -local-concat whose aggregation step (Eq. 4.10d) is instantiated by “concatenation' fol-
lowed by an MLP, (4) ALT -global, and (5) vanilla backbone GNNs without our methods
(named as None). Results are presented in Table 4.6, from which we observe that (1) the
ALT -local has consistent advantages over all ablated versions, (2) the variahLT -local-
concat's performance is highly unstable which may be due to its large number of parameters
in aggregating representations.

Hyperparameter Sensitivity Study. We study the sensitivity of ALT -local regarding
the amplitude of the augmenter GNN (i.e, from Eqg. 4.12b). We select GCN [20] and
GPRGNN [166] as backbone GNNs and conduct experiments over Cora [164], Citeseer [164],
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